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THis little book is, a8 its title imports, a mere Introduction to
Algebra. It is its purpose to make the transition from the Arabic
Notation and Common Arithmetic, to the Literal Notation and
Algebra, as simple and attractive as the nature of the subjects will
allow. It can be studied by quite young pupils who have but
a very elementary knowledge of Arithmetic. It will be found
adapted to such of our public schools as wish to introduce the
subject of Algebra before the pupil has sufficient maturity to
enter upon the COMPLETE SCHOOL ALGEBRA, and for Colleges
having a Preparatory Department and desiring some simple intro-
duction to the Author’'s UNIVERSITY ALGEBRA.

In order to economize space and time, as well as to lead the pupil
to feel that he is not entering an entirely new field, some of the
more elementary definitions, common to arithmeticand algebra, have
been omitted. Nevertheless, great care has been taken not to
omit any which could by any possibility be unfamiliar, or which
need a more accurate or comprehensive statement than is com-
monly given.

The order of arrangement is rather that which the pupil can
pursue with the greatest ease, than that which a rigid scientific
analysis of the subject demands.

In the first sections the topics are approached by the simplest
inductions, the rules are preceded by illustrative examples, and
followed by explanations and statements of reasons in a free
and somewhat colloguial style. But, as the subject proceeds,
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a gradual transition is made to a more condensed and formally
scientifictreatment. In & few instances, processes have been given
and the formal demonstration withheld, though never without
apprising the pupil of the fact. It is the purpose of the book to
lead the young to comprehend and appreciate mathematical reason-
ing, as well as to solve problems.

Formal statements of principles, definitions, and rules,when
repeated in different members of the series of which this book
forms a part, are given in exactly the same language.

" A glance at the Table of Contents will inform the reader as to the
scope of the book. The elements of Literal Arithmetic, Simple
Equations with one, two, and three unknown quantities, Quadratic
Equations with a few cases of Simultaneous Quadratics, and Ratio
and Proportion, are the principal subjects treated.

Trusting that the book may be a meansof interesting the young
at the threshold of this great department of mathematical science,
and may prove serviceable to the teacher in his efforts to lead his
pupils to think, as well as ‘‘ cipher,” the author submits it to the
judgment of his fellow laborers.

EDWARD OLNEY.,
UNIVERSITY OF MICHIGAN,
Ann Arbor, August, 1874
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@SECT!ON I

HOW LETTERS ARE USED TO REPRESENT
NUMBERS.

1. THREE times 5, and 4 times 5, and 2 times 5, make
how many times 5? ’

Three times 7, and 4 times 7, and 2 times 7, are how
many times 7 ?

Three times any number, and four times fthe same
number, and 2 times the same number, are how many
times that number?

2. Two times 8, plus 5 times 8, plus 3 times 8, plus 1
time 8, are how many times 8 ?

Two times 17, plus 5 times 17, plus 3 times 17, plus
1 time 17, are how many times 17?

Two times any number, plus 5 times the same number,
plus 3 times ke same number, plus 1 time the same num-
ber, are how many times that number ?

3. Five 23’s, plus 4 23’5, plus 11 23%, are how many
23’87 Ans., 20 23’s,
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1. In Algebra we often wse letters to represent, or
stand for, numbers.

The following exercises will show how:

4. Suppose a stands for some number, as, in the first
exercise, for the 5 ; 3 times @, and 4 times a, and 2 times
a, make how many times a?

Again, suppose a stands for some number, as 7 in the
first exercise; 3 times a, and 4 times a, and 2 times a,
are how many times a ?

Again, suppose a stands for any number, only that it

shall mean the same number each time; 3 times a, and

4 times a, and 2 times a, make how many times a?

5. If m stands for (represents) some number; how
many times m, are 2 times s, plus 5 times m, plus 3
times m, plus 1 time m? .

Does it make any difference what number m stands
for, so that it means the same number all the time ?

Compare this with Ex. 2.

6. Suppose b represents some number (meaning the
same number all the time ¢n this exercise), 5 &’s, plus 4
b’s, plus 11 &’s, are how many 4’s?

Compare with Ex. 3.

2. Thus we may use any letter 2o represent any number,
provided it always means the same number in
the same exercise or problem.

8. When a letter is used 20 represent a number, the
figure which tells how many times the number rep-
resented by the letter is taken, is simply written be-
fore the letter, the word ‘‘times ”’ being left out.
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Thus 3¢ means 3 fimes a, 40 means 4 ¢imes b, Tm
means 7 fimes m, 1052 means 105 /imes the number
represented by z, whatever that number may be.

4. The number placed .before a letter totell how
many times the letter is taken, is called a Co-effi-
cient.

If no figure stands before a letter, the letter is taken
once, or its co-efficient is said to be 1.

Thus, m means one time m.

7. How many times the number represented by 3, are
4b, 3b, 6b, and b?

That is, 4 times some number, plus 3 times the same
number, plus 6 times the same number, plus one time
the same number, are how many times that number ?

8. 5a, plus a, plus 64, plus 84, are how many times a ?
Ans., 20a.
Query.—1f the a in 5a meant one number, the & alone another
number, the a’s in 64 and 7a still other numbers, could you answer
this exercise in the same way? You could not answer it at all.
The o must mean the same number all the time, in the same
example,

9. 10a+5a + 7a+ 2a, are how many times a ?

Query.—Is it necessary that ¢ should mean the same thing in
this exercise that it did in Ex. 8¢

10. 3a+2a+5a+ 8a, are how many times a ?

Ans., 18a.
How much is this if ¢ is 6? Ans., 108.
How much if ¢ is 11? Ans., 198.

11. Eleven times 8, minus 5 times 8, are how many
times 8§ ?
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12. 11a—5a are how many times a ?
Eleven times any number, minus 5 times the sume
number, are how many times that number ?

13. 12z—7x=how many times 2?
How much is this if z represents 3?
If  represents 24 ? Ans. to the last, 11,

14. 50445+ 100—12b=how many times & ?
15. How much is 83m + 8m—4m + 6m —5m—2m ?

16. What is 10e divided by 2; that is, what is { of
10a?
27z divided by 9 is how much? Ans. to the last, 3z.

17. How many times a number is 10 times that num.

ber, divided by 2; that is, 4 of 10 times a number ?

18. How much is § of 48z?
25z divided by 57

+y of 11z?

11z divided by 117

7z divided by 7?

19. Divide 10z by 5, then add 3z, then multiply by
2, then subtract 42, then divide by 3. What is the
result ?

20. Multiply 22 by 3, then subtract a, then multiply
by 4, then divide by 2, then by 5, then add 3a. What is
the result ?

[Note.—The teacher should extend such exercises until his
pupils can perform them mentally, as rapidly as one would natu-
rally pronounce them.]



LETTERS WRITTEN SIDE BY SIDE.

8. When letters representing numbers are written side by

RSECTION il

LETTERS WRITTEN SIDE BY SIDE.

side, as in a word, their product is indicated.

Thus, ab means the product of the two numbers repre-
sented by a and b.

3abc means 3 times the product of the numbers repre-

sented by a, b, and c.

[NoTe.—Instead of saying, as above, the number represented by
a, we usually say “ the number a,” or, ‘“ a,” without using the

word number at all. Thus we say 3 times the product of a,b,

and ¢.]

1.
2
3
4.
5
6
7

9.

10. What is 3ab, if a=2,and b=4? Ans., 3ab=24.

If a=3, and =2, what is ad? Ans., ab=6.

. If m=>5, and n=8, what is mn?

. What is ¢d, if ¢=4, and d=87?

What is ed, if ¢=%, and d=27?

. What is ¢d, if ¢=10, and d=2}?
. What is cd, if c=%, and d=3?

. What is amn, if a=5, m==7, and n=27?

Ane:, amn="0.

. What is amn, if a=2}, m=4, and n=3}?

Ans., amn=32.

What is amn, if a=%, m=}, and n=4}?
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11. What is 3ab, if a=5, and b6=4?
12. What is 3ad, if 2=20, and 5=7?

13. What is 12abe, if a=2, b=3, and ¢=11?
Ans., 12adbe="792.

14. What is 12abe, if a=1, b="7, and ¢=27?

15. What is 12abc, if a=2, =2, and ¢=2?

16. What is 12abc, if a=%, b=4}, and c=§7?

17. What is Tmn, if m=4,and n=34? Admns., T/mn=2%.
18. What is 11amn, if a=2}, m=3%§, and n=5?

19. What is 13abdc, if a=4, d=4%, and c=4;?

20. What is 23mn, if m=3, and 2=10?

21. What is 23mn, if m=132, and n=2548 ¢

.@vs ECTION HiL.

EXPONENTS AND TERMS.

7. It we want to represent the product of a number repre-
sented by a letter, as s, by itself a certain number of
times, instead of writing aa, or aaa, etc., as we might,
we write 8%, a*, ete.,

Thus &' means the same as3bb6. o is read @ square ; ”
a', “a cube; ” b, « fourth power;” 2*, «g fifth power,”
eto,
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1. Read m’. What does it mean? How otherwise
could you write it ?

2. Read 2°. What does it mean? How otherwise
could you write it ?

1]

8. If I wish to write the product of & taken 4 times
as a factor, how do I do it ?

4. Write aaaa in the proper form ?

3. Indicate the product of y taken 5 times as a factor ?
6. What is a® if a=27? Ans., a’=8.
%. What is m* if m=3?

8. What is 5* if 6=%?

9. What is &' if =147

8. The little figure placed at the right and a littls
above the letter is one form of what is called an Ex«
ponent.

The pupil must not get the idea that all exponents
mean just what hasnow been explained. .

This is the case only when the exponent is a whole
number without any sign, or with the + sign.

Thus a3 does not mean aza. Nor does o¥ mean any
such thing, although the —3, and the § are exponents.
What these do mean will be explained in SEc. xxiv.

[Note.—It is of the utmost importance that the pupil be
guarded, from the outset, against the notion that an exponent
necessarily indicates a power. This false notion, once in the head,
plagues the pupil ever after. ]
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10. What is 4a%), if a=2, and 6=5"?

Suggestion.—Notice that 4a*b=4xaxaxb. Hence 4a®b=
4x2x2x5. Or4da®®=4xa*xb,and as a=2, a*=4. Hence 4a®=
4x4x5.

11. How much i8 10a’c’y, if a=2, ¢c=1, and y=37?

12. How much is a’5" +2ay—by, if a=4, b=3, y=2?

How much is 3a’by* —2ay’ + 55, the letters having the
same values as before ?

How much 56y —2¢d® + 4a’y*—2a ?

13. How many times ab® is 4abd® +2ad’>—3abd'?
How many times ¢’y is 104’y + 4a’y—6a’y—a’y ?

14. How many times am’y’ is 4 times 3am'y*?
How much is 6 times 2am’y* ?

Four times 7a4%%"?

Ten times 13mn®2*?

15. How many times az is } of 20az?
% of 3502 ?

102az divided by 3 ?

How much is § of 72a’*?

1252%y* divided by 25 ?

18ny® divided by 9?

9. We have learned in arithmetic that representing num-~
bers by the figures 1, 2, 3, 4, etc., is called Arabic or
Decimal Notation.

In like manner, representing numbers by the small
letters of the alphabet, as a, b,¢, d, -==--2, ¥, etc, is
called Literal Notation.

.
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The pupil will see that this Literal Notation is alto-
gether a different thing from the Roman Notation, in
which the seven capital letters, I, V, X, L, C, D, M, are
used.

Because the Literal Notation is so much used in Alge-
bra, it is often called the 4lgebraic Notation.
But this notation is just a8 much used in some other
branches of Mathematics, as in Algebra.

10. An expression like 7a'x, not separated into
parts by the signs + or —, is called a Term, or a

If there are fwo such terms joined together by either
of the signs + or —, the two taken together are called a
Binomial, as 60’z +2ay’, or 10x—3ay.

If three terms are joined in this way it is called a
Trinomial, as 3ay—2ab+212.

Any expression consisting of more than one term i 1s,
in general, called a Polynomial.

Ex. Point out the monomials, binomials, trinomials,
and polynomials, in the following : 2ez—36%, 52y —6¢cd +
a—2y, 3a'm’zy, ¢'—d', a+m, a+b+c—d, 225a’0’c'd’,
abed, a—b, ab, c—z'y +az, 2"+ y*, 10a® + 32y.

11. Terms which have the same letters, affected with the
same exponents, are called Similar.

Thus 12a%, 6a’y, and —3a’y are similar; but 12ay,
6a’y, 3cz, are not similar.
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Ex. Point out the similar terms among the following :
8a’z, 2ar, —5a'2’, az, 17az’, 16cy’, —12c%y*, 3a'z,
—5¢cy’, 6cy’, 10az’, 'y".

12. Terms having the + sign are called Positive, and
those having the — sign, Negative. If no sign is
written before a term the sign + is understood.

@SECTION Iv.

EXAMPLES FOR PRACTICE IN USING LETTERS
TO REPRESENT NUMBERS.

18. It L buy 5 pencils at 8 cents apiece, they cost me
b times 8 cents, I. e., 5 x 8 cents.

So, if I buy a pencils at b cents apiece, they cost me
a times b cents, 7. e., ad cents.

Now we notice that in the first case we can tell more
particularly how much the pencils cost, since 5 x 8=40.
But in the second case we can only say that the pencils
cost a times 3, or ab cents, since we do not know just
what numbers are represented by a and b.

1. John bought m oranges at n cents each. How
much did they cost him ? If m means 3, and » means 5,
how much is it ?

2. Mary buys » yards of calico at 2 cents per yard
How much does it cost her ?
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3. Henry buys 5 packages of pencils. There are a
pencils in each package; and the pencils cost him z
cents each. How much does he pay for the whole ?

. Ans., 5ax cents.

4. If 7 jugs are filled with molasses, each jug holding
m quarts, and a quart is worth y cents, how much is the
whole worth ?

5. A boy sold 5 quarts of nuts for 4 cents per quart, 8
quarts of berries at 6 cents per quart, and 3 melons at 10
cents each. He received

5x4+8x6+3x10 for the whole.

Show in like manner what would be received for m
quarts of nuts at # cents per quart, a quarts of berries at
b cents per quart, and ¢ melons at d cents each.

6. Represent the value of m yards of cloth at z dollars
per yard, » yards at y dollars per yard, and @ yards at z
dollars per yard.

7. A merchant had 5 rolls of cloth containing ¢ yards
each, 7 rolls with m yards each, and 12 rolls with » yards
each. The first kind was worth a dollars per yard, the
second b, and the third &. What polynomial represents
the value of the whole ?

8. If I buy 6 barrels of apples at 2 dollars per barrel,
and pay for it with cloth at 3 dollars per yard, I must

6x3

give - yards of cloth. Express in a similar manner the

number of yards I must give if I buy a barrels at m dol-
lars each, and pay in cloth at # dollars per yard.
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9. Represent 5 times the square of @ divided by 3 times
the cube of &.

Suggestion.—Division is represented, as in arithmeﬁc, by
writing the divisor under the dividend with a line between them.

H have 22
ence we nave E’

10. Represent 10 times @ multiplied by the square of 5,
divided by 11 times the product of the cube of m and
the 4th power of x. .

12. Represent the binomial 3 times the product of a
and & plus 5 times the cube of 2, divided by the binomial
2 times m minus the square of 7.

P P\
DDITION 3

.

’SQS ECTION V..

Of Similar Terms.

Ex. 1. How many times am? is 4am?®+ 5am?—3am3—
am?? What are similar terms ? (See 11.) Are the terms
in' this example similar to each other.

14, Similar terms can be united into one term, which
shall express the aggregate* value of the whole, as
we see from this example and like examples in
Sec. 1. This aggregate value is called the Sum.

* Aggregate means collected, united.
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2. What is the sum of 4ax, 3az, 2az, and ax? When
no sign is written before a term what sign is understood ?
(See 12))

3. What is the sum of 5az and —2az ?

Suggestion.—This means the same as, What is the aggregate
value of 5az and -~2az? Or, How many times az is 5az—2ax ?

4. What is the sum of 7ay’, — 3ay’, ay’, 2ay’, and
—4ay’? Or, How much is 7ay* —3ay’ + ay® + 2ay’ —4ay* ?
' Ans., 3ay’.

5. What is the sum of 1lm*n’,—4m*n’, 6m*n’, 2m*n’,
—5m'n’,—m™n’, and 3m™n®?

15. Addition is the process of combining several quan-
tities, so that the result shall express the aggregate
value in the fewest terms consistent with the nota-
tion.

6. Add 3ay, 5ay, 2ay, and ay.

%. Add 5n*z, —2n'z, —n’z, and Tn’z.

16. The pupil may think it strange that we should use subtrac-
tion in adding, ¢. e., that we should call the result of putting together
Sax, and —2ax, addition, when the work of uniting them is per-
formed by subtraction. To understand this it is only necessary
to keep in mind just what we mean by addition, as we use the
term here. We mean by it simply putting quantities together.
Whether a quantity put with another increases it or diminishes it
depends upon its nature, If 2 boys are drawing a sleigh, and an-
other boy puts in his strength, the aggregate result will depend
upon whkick way the last boy pulls ; if he pulls the same way as
the others, it will ¢ncrease the effect ; but, if he pulls in the oppo-
site direction, it will diminisk the effect. The aggregate or sum
will be greater in the former case when the third boy adds his
strength, and less in the latter.
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8. Five boys are pulling at a sleigh. 3 of them pull
in one direction, 5m, 2m, and 7m pounds, respectively.
The other two pull in the opposite direction, 3m, and m,
respectively. What i the aggregate, or sum, of their
efforts ?

Suggestion.—Suppose we call the efforts to pull the sleigh in
the first direction positive, and the efforts to pull it in the opposite
direction negative. Our question then is, What is the sum of
+6m, +2m, +Tm,and —8m,and —m? Or, What is 6m +2m +
Tm—3m—m?

9. I have 4 pieces of property worth respectively 10az
dollars, 8az dollars, 6az dollars, and 13az dollars. If
now I add debis to the amount of 5az dollars, Yaz dollars,
and 3az dollars, what is the aggregate, or sum, of what 1
sm_worth ? 4. e, How much is 10az+ 8az + 6az+ 13az

~Sax—"Tax—3ax?

17. Positive and Negative are terms primarily applied
to concrete quantities which are, by the conditions
of a problem, opposed in character.

ILL.—A man’s property may be called positive, and his debts
negative, Distance up may be called positive, and distance down,
negative. Time before a given period may be called positive, and

after, negative. Degrees above 0 on the thermometer scale are
called positive, and delow, negative.

10. A speculator made by three trades $200, $100, and
850. He then lost in two trades $300, and $250. What
was the aggregate, or sum, of the whole? Was it gain, or
loss? Shall we call it positive, or negative? Will it be
written with the + sign before it, or with the — sign ?
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11. Three boys are pulling at a sleigh, two, attempting
to draw it forward, pull 7m, and 6m pounds, respectively;
the other, attempting to drag it backward, pulls 15m
pounds. Which way does the sleigh move? ¥m+6m—
15m makes how many times »z? What sign does the re-
sult, or swm, have? What does the — sign of the result
mean ?

12. What is the sum of bcy", 8cy”, —10cy’, cy’, and
—2%cy*? Which are in excess, the negative, or the posi-
tive quantities, in this example ?

18. In adding similar terms, if the terms are all posi-
tive, the sum is positive ; if all negative, the sum is
negative; if some are positive and some negative,
the sum takes the sign of that kind (positive or
negative) which is in excess.

Adding Dissimilar Terms.

1. If T buy an orange for @ cents and a knife for &
cents, how much do I pay for both ?

2. If I have one piece of property worth 7az dollars,
and another worth 10my dollars, how much are both to-
gether worth ?  (See Examples 5, 6, 7, Sec. IV.)

3. If I travel east 5m miles one day, 3z the next,and 7a
the next, what polynomial expresses the aggregate of my
travels eastward ? Why can we not unite these terms
into one term ? Can we unite any two of them into one ?
Why not ?

19. Dissimitar terms are not united into one by addi-
tion, but the operation of -adding is expressed by
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writing them in succession with the positive terms
preceded by the + sign and the negative by the —
sign.

4. What is the sum of 5az, 3cy, —12a'z*, 5m®, and

—3c"y*? Are anyof these terms similar? Can any two
of them be united into one?

5. What is the sum of 5az, —3y", 3az, —2mn, 4y
—6az,and ¢y ? What other terms among these are simi-
lar to 5az? This sum is a polynomial of 4 terms. Why,
according to the definition of addition (15), is not baz+
3ax—2mn + 4y*—6ax + cy the sum ?

Adding Polynomials Containing Similar and Dis-
stmilar Terms.

20, RULE.—Write the expressions so that similar
terms shall fall in the same column. Combine each
group of similar terms into one term, and write
the result underneath with its own sign. The poly-
nomial thus found is the sum sought.

1. Add 5ax—2cy, 3ax+4cy, cy—2axz, —4ax—3cy, —az
+5cy, and Raz + 2cy.

OPERATION.

Having written the numbers so that similar terms bax—2cy
fall in the same column, we may begin to add with 8ax+4cy
any column we choose. Adding the right-hand column —2az+ cy
we find it makes + 7cy, and write this sum under- —4azx—3cy
neath the column added. In like manner the other — az+5cy
column makes 8az (or + 3az), which we write with- 2az+2cy
out any sign, as + will then be understood. The — 7
sum is 8az+Tcy. 8az+ Tey
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N

REASONS.*

As we wish to unite the terms as much as possible, so that the
aggregate value of all the polynomials shall be expressed in the
simplest form (fewest terms), according to the definition (15), and
as only similar terms can be united into one, we write similar
terms in the same column for conventence.

Then we find the aggregate of each column of similar terms by
(18), and as the sums of the several columns are dissimslar terms,
we can add them only by connecting them with their respective

signs, according 1o (19).

2. ' 3.
Sed— 2a+ 4zy 10am— 3dy*+ 2a'
2cd+ 3a— bzy — 6am+ 4dy’—10a’z
8a— 22y 4am— 8dy'— 2’z .
—6ed + 1l4xy TYam—13dy’+ 6a’z
— 3a— Tzy — 9am+ 2dy’— 5a’z
+1la+ zy am+18dy*— a'z
4cd—1ba
S5cd+ Rw+ Szy Tam —10az

4, Add 2a+8b—4¢—9 and 5a—3b+ 2¢—10.
Sum, Ta+5b—2c—19.

5. Add 3ay + 4bz—5ac, 1bx—3ac+2ay, 8ac—Tay + bz,
and 9ac—3bx + Vay.

6. Required the sum of 3ax—4bc+12¢cz, Tcz—b5az+
14be, 8ax—12bc + 3¢z, and 2bc—6azx + 8cz.

* A Rule states a process in general terms. Let the pupil
always be required to give the reason for every step. This should
be done in the case of each example.

2
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7. Add ar—4ab+bd, 3bd—2az+ab, Tab—2az—0bd,
and 5ubd—3azx +125d.

8. Add 3abd+4abz—5cz, 8cx—1labzr+12abd, 9abr—
12¢z+ 3abd, and Tcx—15abz + 3abd.

9. Add 76—2a* —zy, 5a*—6b+3zy, b—3a’ + 4, and a’—
b—3zy. Sum, b+ a*—zy +4.

10. Add 35'—2a°+13, 3a°—2b*—5, 4ab+Ta’—3, and
' —a’ +ab.

11. Add a2’—2y+b, 2y+2ax"—3b, 4as*—y—>b, and
2b—3ax’ + b.

12. Add 2c*+a*+3be, 5c*—3a’—be, ¢*+2a*—be, and
b+bc—3.

13. Add ab+a’c—5, 3ab—3a’c+ 7, 2a'c—2ab—38, and
ab+a'c+5.

14. Add 30*—2a’z+b, —b"+3a’x—3b, b*—a’z+c, and
30+ b—3c. Sum, 6b*—b—2c.

15. Add 2a’+3—ac, 3¢*—T+4ac, 3ac—5a*+9, and 3ac
+4—a’. Sum, —a* +9 + 6ac.

16. Add Pe+2—y’, y*—3b%c—10, 20°c—3+2y", and
b —y*+5.

[NoTE.—For the addition of terms with respect to a common
letter, and the use of the parenthesis in general, see Bec. X.]
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1. If you add —2az to 5az, how much of the 5az will
be destroyed ?

2. If you add 2az to —5az, how much of the —5az
will be destroyed ?

21. Adding a negative quantity destroys an equal posi-
tive quantity ; and adding a positive quantity de-
stroys an equal negative quantity.

3. How can you show that adding 2az to 5ax destroys
—2azx? Answer. bax is the same as Taz—Raz. Now,
adding 4 2az* to Taz—2az, the + 2az destroys the —2az
and leaves 7az.

4. How can you show that adding —R2az to —bazx de-
stroys +2az ?

Suggestion.—Observe that —baz is the same as —7az + 2az.

5. In subtraction in arithmetic you have learned, that
the subtrahend and remainder (or difference) added to-
gether make the minuend. If, therefore, you destroy the
subtrahend out of the minuend what remains? If 5a+
8bz—2cy is the subtrahend, what would you have to add
to & minuend to.destroy this subtrahend out of it?
What would you have to add to destroy 5¢? What to
destroy 4-36z? What to destroy —2¢cy? Then, if you

* The + sign is written in such cases simply for emphasis.
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add to the minuend —5a—3dz + 2¢y, what would be left ?
(The Remainder.)

How to Perform Subtraction.

22, RULE.—Change the signs of each term in the sub-
trahend from + to —, or from — to +, or conceive them

" to be changed, and add the result to the minuend.

1. From 5az—2cy +10b—8, subtract 2az + 3cy —12b—5.

OPERATION.
bax—2cy+106—8 Minuend.
—Raz—3cy +12b6+5 Subtrahend with its signs
changed.
3ax—5cy +226—3 Remainder obtained by

adding the subtrahend with its signs changed to the
minuend.

ReAsONs.

Why do you change the signs of the subtrahend? Ans. To
get a quantity which added to the minuend will destroy out of it
an amount equal to the given subtrahend, according to (21).

Why do you add the subirahend with its signs changed to the
minuend? . Ans. Because, as the minuend is the sum of the sub-
trahend and remainder, if we destroy the subtrahend from out the
minuend, we have left the remainder.

2. From 4ab + 3c% —2y subtract 2ad— c® + 3zy.
Rem., 2ab+ 4c® —4zy.

3. From 5a2 +4 8bc—cd + 3z subtract 2a® — bc+ 3cd.
Rem., 3a® + 4bc—4cd + 3.

4. From 7%a®b—abc+4zry subtract atd+5abc—2zy
+maz.

b
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5. From 8a3 —4a*b—2bc+ 10 subtract 3a3 +a2b—>5.

6. From 3b%c+abz+2zy? subtract d%¢c—3abz+ 2zy?
—3.

7. From 8axz—3by + 4dz subtract 3dz—>5az + 3by.
8. From 9bcx + Yady —4bx subtract 3bcx+2ady —4bx.
9. From 3bx—4acy + bzy subtract 2acy —5bx—be.
10. From 9ab—7de+ 8eg subtract 3eg—Tde—9ab.
11. From 2* —3y?® subtract 22 + 3y*.
12. From z2 4+ 2zy + y*® subtract z* — 2y +y3.
13. From z® —2zy—y? subtract 2% — 22y +y9.
14. From a—b subtract a +b.

15. From a+ b subtract a—d.
16. From 322 —2ay subtract 2% —3mn.

Suggestion.—The subtrahend with its signs changed is —2b?
+3mn. This added to the minuend gives 3z®—2ay—2b°+3mn, as
the remainder. Since there are no similar terms, there are none
that can be united into one.

17. From 30z—215y subtract 7u35?

18. From a—b subtract z—y.

19. From 82%—2ay subtract 222—cd 4 8.

. Rem., 623—2ay+cd—8.

20. From 3m%n?+ 6zxy—3c*—10+12f subtract ¢ —
m*n?+ 6xy—ab+-5.

[Nors.—For the subtraction of terms with reference to a common letter, and
the use of the parenthesis in general, see Sec. X.]
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1. What is the difference between 3 times 4, and 4
times 3?
What then is the difference between ad and da?

2. What is the difference between 3 x5 x 7, and 7 x 3 x
5,and 5x7x3,and3x7x5,and 5x3x7, and Vx5x3°?
What then is the difference between ade, acd, cba, cad,

-bac, and bea ?

28. The product of several factors is the sare in
whatever order they are taken. It is, however, cus-
tomary to write the literal factorsof aterm in their
alphabetical order.

Thus we write az, not @a ; also abc instead of any other of the
six possible orders.

3. Three times $5 is 15 what?
Six times 7 rods is 42 what?
What is the product always like ?

4. Can you multiply $5 by $3 ?
What would 3 dollars times $5 mean ? *

* Of course this is absurd ; it is nonsense. The multiplier is
always to be conceived as an abstract number when the operation
18 performed, as has been taught in erithmetic.
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Can you multiply 7 gallons by 6 gallons ?
What kind of a quantity must the multiplier always
be conceived to be ?

24. The product is always to be conceived as of the
same kind as the multiplicand, and the multiplier
as an abstract (mere) number, showing simply how
many times the multiplicand is taken.

Signs of the Product.

1. Since ¢ multiplied by & is ad, if @ is a positive quan-
tity what is @6 ? If a is a negative quantity what is ab?

Then +a multiplied by & gives what? (Ans. +ab,
according to 24:)

Also —a multiplied by & gives what? (Ans. —abd,
according to 24.)

2. If we understand the sign + when placed before a
multiplier to indicate that the product is to be added,
and the sign — that it is to be subtracted, what is +a
multiplied by +5°?

Answer. +a multiplied by 4 is + ab, as we saw above.
And, as the sign + before the multiplier  shows that
this product is to be added (to any others with which it
may chance to be connected), it is to be written with its
own sign. Hence +a multiplied by +5 is +ab.

3. With the same understanding as in Example 2, what
is the product of +a by —57?

Answer. +a multiplied by b gives +ab. But as the
— sign before the multiplier shows that this product is
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to be subtracted (from any other quantities with which it
may chance to be connected), its sign must be changed.
Hence +a multiplied by —& is —ab.

4. With the same understanding as above, what is the
product of —a by +&°?

Answer. —a multiplied by 4 is —abd. And as the
+ sign before the multiplier shows that the product is
to be added, it is to be written with its own sign. Hence
—a multiplied by +5 is —ab.

5. With the same understanding as above, what is the
product of —a by —5?

Answer. —a multiplied by b is —ab. But as the —
sign before the multiplier shows that this product is to
be subtracted, its sign must be changed. Ilence —a
multiplied by —5 is +ab.

25. When two factors have the same sign their pro-
duct is positive: when they have different signs
their product is negative.

6. What is the product of —a, —5, and —¢?

Suggestion.—The product of —a and —b is +ab; and the
product of +ab and —c is —abe.

7. What is the product of —a, —5, —¢, and —d?

Suggestion.—The product of —a and —b is +ab ; the product
of +ab and —¢ is —abc; and the product of —abe and —d is

+ abed.

26. The product of any number of’ positive factors is -

positive. But the product of an odd number of nega-
. tive factors is negative, whereas the product of an even
number of negative factors is positive.
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To Multiply Two Monomials Together.
1. What is the product of 3ab and 5ab?

Aunswer. Since in the literal notation a product is indi-
cated by writing the quantities side by side (Sec. IL.), 3ab
X 5ab may be written 3ab5ab. Now, as the order of the
factors is immaterial (23), this may be written 3 x 5aabé.
Again 3x5=15, aa=a®, and bb=0562. Hence 3ab x 5ad
=15a25%.

27. RULE.—Multiply the numerical co-efficients as
in the decimal notation, and to this product affix
the letters of both the factors, affecting each with
an exponent equal to the sum of the exponents of
that letter in the factors. The sign of the product
will be + when the signs of . the factors are alike,
and — when they are unlike.

Multiply 5my by 3mz. Prod., 15m2zy.

2.

3. Multiply 8ay by 7a2y3. Prod., 56a3y*.
4. Multiply 4a2b® by 6a2b%.

5. Multiply 10a223y by Texy®.

6. Multiply 3a by 25.

7. Multiply —5a2 by 4a. Prod., —20a3.
8. Multiply 7ad by —5a2z. Prod., —35a3bz.
9.. Multiply —31a®y by —10ay?. Prod., 310a%y3.

10. Multiply —15m2ny by 3n8.

1} Multiply —my by +my.
2*
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12. Multiply —a®*b* by —a3b®.

i3. Multiply acy® by —3ac.

14. Multiply z* by —z3.

15. Multiply together 3az, —5a%, and 2az®.

Suggestion.—What is the product of 3az and —5a*? This
product multiplied by 2az® gives what?

16. Multiply together 3¢y, 4cy3, —acy, and —2a.
17. Multiply together 74c3y®, 217ac?, and —43b%y3.

To Multiply twe Factors together when one or both
are Polynomials.

1. Multiply 32—2y + 42 by 52+ 3y—22

OPERATIOR.
3z—2y+42
5z4+3y—22
15:1:—’—16;_7/ +20z2
+ 9zy —6y*+12yz
— 622 + 4yz—828

| 1528 — ay+ 1422—6y® + 16y2—82®

ExXPLANATION.—I am to take 82—2y 442, 52 + 8y—22 times, since
; this is what is meant by multiplying by 5z+3y—2z. (See defini-
i tion of multiplication in arithmetic.)

As a matter of convenience I write the multiplier under the
multiplicand. Then I multiply the multiplicand by 5z. This is
done by multiplying the parts (terms) of the multiplicand sepa-
rately, and adding the result ; that is, connecting them by their own
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signs. Thus I find that b5z times Sz—2y+4z is 152—10zy
+2x2.*

Again, taking the multiplicand 8y times I have 9zy—6y®+ 12ye.
If this is added to 152*—10zy +2zz the sum will be 5z+ 8y times
8r—2y+42. So I write it under the first partial product, as in ad-
dition, but do not add it till I have all the partial products.

I have now taken the multiplicand 5z+3y times. But this is 28
too many times, since I was to take it 5z+3y minus 2 times.
Hence I am to take 22 times the multiplicand and subtract it from
the former result. This I do by multiplying by 2z and adding the
result with its signs changed. That is, I multiply by —2z chang-
ing the signs as I go.

Finally, adding the three partial products I have 15z —zy + 1423
—6y*+16yz—8¢2?, which is 5z + 3y—2z times 3z—2y + 4z.

- 28. RULE.—Multiply each term of the multiplicand
by each term of the multiplier, and add the prod-
ucts.

2. Multiply 3a26—2ab3+b¢ by 2ab+52.

OPERATION,
3a3b—2ab3 4+ b4
Rab +5%

8a4b% —4abt +2abs
+3a3b3 —2ab® + 58
Prod., 6a4b® +3a35h3 —4a2h4 + 8

Note.—The pupil should give an “ explanation ” like the pre.
ceding. Not the “ How” merely, but the ““ WHY ” should be
given.

3. Multiply 2a2 +4ac—c? by 3a—5c.

.

* In the literal notation it is not specially inllportant whether
we multiply from right to left, as in arithmetic, or from left to
right. Itis customary jo proceed from left toright. Thus 5z times
8x is 16a°. O times —2y is —10zy. bz times +42 is +20x2.
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OPERATION.
2at +4ac—c?
3a —éc [Pupil give the
6a3 +12a%c—3ac® reasons.

—10a2¢—20ac® + 5¢3
Prod., 6a3+ 2acc—23ac? +5c3

4. Multiply z® + 2zy+y® by 2* —2zy +y*.
Prod., z¢ —2z%y’ + y¢.

5. Multiply 5a—3c by 3a.

[~

. Multiply 4x—6 + az by 2azx3.
. Multiply 12a2® —23% +22 by —b5a®zs.
. Multiply 45%¢+de—c by 3bc.

© O =2

. Multiply 3z® —5y +2 by 6.

10. Multiply 6ad® —3z?y+7 by —8.

11. Multiply z+y by z+y.

12. Multiply z2—y by z—y.

13. Multiply z—y by z+y. Prod., z*—y*.
14. Multiply a® +ab+5® by a—b.

15. Multiply 2% —2bz +z® by 2b—2z.

16. Multiply 43 +5% +b by 53 +&%.

17. Multiply 22 —2c2 +2y by c®+y.

18. Multiply a2 +bz+y by a'j —bz.

19. Multiply 24 + 223 +32% + 2z +.1 by 22 —2z+1.
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20. Multiply 223 —3zy +3 by 2 +4zy—2.
21. Multiply 6a3 —2b%c+ 3de® by a® —5a3b+ 3et.

22. Multiply 1+y+y2+y3+yt+y® by 1—y.
Pred., 1—ys.

23. Multiply z¢ +23y +22y® + zy3 + y* by z2—y.

.SQSECTION Vil

1. How many times is 3 contained in 12? Why?*

2. How many times is a contained in 6ab? That g,
by what must @ be multiplied to make 6ad ?

3. 6a* multiplied by 3az is how much?

18a%? divided by 3ax is how much ? Why?

4. How many times is a a factor in 3a%?

What other literal factor is there in 3a% ?

If you take out one factor @ from 343, what is theresul:?

5. What is the difference between taking out a facter,
and dividing by that factor ?

If you take a factor 6 out of 18, what is the result ?

6. If you take all the factors of 15, i.e., 3 and 5, out >f
5, what have you done ?

* The answer is, “ Because 4 times 8 make 12.” And so of the
following.
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7. Divide 504 by 42 by taking out of 504 all the factors
of 42,¢. ¢, 2, 3, and 7.

8. Divide 15435 by 3a by taking out of 15435 the fac-
fors of 3a.

9. If the product is + and one of the factors is +,
what is the sign of the other factor? Why?

10. If the product is + and one of the factors is —
what is the sign of the other factor? Why?

11. If the product is — and one of the fuctors is +,
what is the sign of the other factor? Why?

12, If the product is — and one of the fuctors is —,
what is the sign of the other factor? Why?

13. The product in multiplication corresponds to what
in division ?

The divisor corresponds to what ?

Then, if the dividend is + and the divisor +, what is
the sign of the quotient? Why?

If the dividend is + and the divisor —, what is the
sign of the quotient?

If the dividend is — and the divisor +, what is the
sign of the quotient?

If the dividend is — and the divisor —, what is the
sign of the quotient?

29, RULE.—To divide one monomial by anotherwhen
all the factors of the divisor are found in the divi-
dend, drop from the dividend all the factors of the
divisor, and the result isthe quotient. The quotient
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is + when dividend and divisor havelike signs, and
— when they have unlike signs.

1. Divide —35a%63 by —5ab®. Quot., Tab.
. Divide —15a362® by 3a%bz. Quot., —5az.
. Divide 21a%3tc by 7Ta38%.

. Divide 18532¢ by — b

2
3
4
5. Divide —36a3b2ca? by 3abca.
6. Divide —9ac®yz by 3actz.
7. Divide —d%cz® by —dex.

8. Divide 1153%¢4z* by b3ca®.
9

. Divide —138%¢3y® by —b2cyT.

80. RULE.—If there are factorsin the divisor which
are not in the dividend, write the divisor under the
dividend in the form of a fraction, and cancel all
the common factors as in fractions in arithmetic.
The result is the quotient in the form of @ fraction.

1. Divide 15a%z by 21acz?.

15a%x _ 3 x 54ag*_ ba
Rlacz® 3 x Vgcpz ™ ez
ExruaNATION.—Since division is indicated by writing the divisox

OPERATION.

15a°z,

under the dividend with a line between them, we have ——
R1acz?

* This step is inserted only to exhibit the cancellation. The
factors can be discerned as well without it, and in practice it should
be omitted.
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And since canceling like factors frora numerator and denominator
(as learned in arithmetic) does not change the value of a fraction,

by canceling 3, @, and 2, we have % as the quotient in the form

of a fraction.

2. Divide —17a%bz% by —3a%ba. Quot., _1515
3. Divide —21b%¢z by 17bcz®. Quot. 2
7 1728

4. Divide —33a%by® by —226%y°.
5. Divide —2903¢2y® by —14ab3c®.
6. Divide 35a3b22 by 15ab%x3.
7. Divide 27%a*bc® by —6a2dics.

8. Divide 13a4z3y by —10a®z4yt.

To Divide a Polynomialby a Monomial.
1. Divide 6a®2—10a3x2 +4azxy by 2az.

Suggestion.—If we find how many times the divisor is con-
tained in each part (term) of the dividend and add the result, we
shall find how many times it is contained in the whole.

Raz)6atx—10a322 +4azxy

OPERATION. 3a—5atz+2y Quotient.

81. RULE.—Divide each term of the polynomial
dividend by the monomial divisor, and write the
results in connection with their own signs.

2. Divide 2ab~6a%z +8a3y—2a by 2a.
. Quot., b—3ax+4aty—1.
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10.

11.
12.
13.
14.
15.

. Divide 14a® —%ab+2lar—21a by 7a.

Quot., 2a—b+3z—3.

. Divide a3z +3a%z? —6az3 4+ 3az by a.
. Divide 55 —1053 + 554y —15b% by 58.
. Divide bz* -;—2:::3 —8cz* + 728 by 22.

. Divide 4a4 —8a3%—4a®b+8a by 2a.

. Divide ay* +a®y®—a3y® —ay by ay.

. Divide ——y+by'——5g./3 +3y* by —y.

Quot., 1—by +5y* —38y3.
Divide 35% — 952 +126—15 by +3.
Divide —¢5 +3¢4 —6¢3 +¢® by —c®.
Divide 8y3 —4ay +a®y®—3y by .
Divide —10 +20a-—15a% +20 by —5.
Divide a36—a2b2 +a3b* —atb by ab.

Divide 24y* + 23y3 —z®y® —ay by 2y.

To Divide one Polynomial by another.

82. A polynomial is said to bearranged withreference
to a certain letter when the term containing the high-
est exponent of that letter is placed first at the left,
the term containing the next highest exponent next,

ete.

Thus, the polynomial 6x2y2+4zys+4uwdy+ys +24,
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when arranged according to the exponents of y, becom:s
yl +41y8 +622yl +4Z’y+2“. .
1. Arrange 2y3r—y®z® +z4 + y* with reference tu y.
Again arrange it with reference to z.

2. Arrange 2ab+a? + 52 with reference to a.
3. Arrange 3a%b®* —3at)®* —b* +a* with reference o a.

4. Are z¢—atz® 4 2a3z—at, and 2% —az+a?, both
arranged with reference to the same letter?

What is the letter of arrangement ?

If we were to multiply these two polynomials together
in the ordinary way, would the partial products, and the
entire product, be arranged with reference to any letter?
What letter ?

What would the first term of the product be?

What two terms would be multiplied together to make it ?

Ex. 1. If 28 —3az® + 3a®z—a?d isa product, and 22 —2a2
* 4+a% is one of the factors, what.is the first term of the
other factor?

By what must 22 have been multiplied to make 3 ?

2. Divide 6a22® + 24 —4a23 +a4 —4a32 by 2% + a2 —Ra=

OPERATION.
DIVIBOR. DIVIDEND. QUOTIENT.
at —Raz + 22 )at —4adz + 6at2® —4axd 4 x4 (a® —2az +2?
at—2adr+ a®x®

—Ra3z+batx® —4ax’

—2a3z +4a%z® — 2023
a®z® —2axd 424
a®xt—2ax8% +xt
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ExPLANATION.—Having arranged the dividend and divisor with
reference to the exponents of a, and placed the divisor on the left
of the dividend, as a matter of custom,* I know that the highest
power of a in the dividend is produced by multiplying the highest
power of a in the divisor by the highest power in the quotient.
Therefore, if I divide a*, the first term of the arranged dividend,
by a?, the first term in the arranged divisor, I get a® as the highest
power of a in the quotient. Now, as I wan. to find how many
times a® —2az +z? is contained in the dividend, and have found it
contained a? times (and more), I can take this a® times the divisor
out of the dividend, and then proceed to find how many times the
divisor is contained in what is left of the dividend. Hence I mul-
tiply the divisor by a® and subtract it from the dividend, leaving
—2a2z+5a*z*—4az® +z*. The same course of reasoning can be
applied to this part. Thus I know that the next highest power of
a in the quotient will result from dividing the first term of this
remainder by the first term of the divisor, etc. When this proc-
ess has terminated I have taken a?, and —2az, and z?, times the
divisor out of the dividend, and finding nothing remaining, I know
that the dividend contains the divisor just a®—2az+z* times

88. RULE.—Having arranged dividend and divisor
with reference tothe sameletter, divide the first term
of the dividend by the first term of the divisor for
the first term of the quotient. Then subtract from
the dividend the product of the divisorintothis term
of the quotient, and bring down as many terms
to the remainder as may be necessary to form a new
dividend. Divide as before, and continue the proc-
ess till the work is complete.

[NoTE.—The first three of the following examples aré arranged
for division.]

* Some prefer to put the divisor on the right, and write the quo
tient under it.
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3. Divide z*—3az%—8a2z® +18a32—8a’ by 2® +2az
—2as. Quot., 22 —5ax +4a®.

4. Divide a®—>5a4b+10a%b® —10a2d3 +5ad4 —55 by
at—2ab+bs.

5. Divide 6a45® +3a35% —4a2b4 +5¢ by 3a3b—2abs 4
be.

6. Divide 4az +42* +a® by 2z +a.
7. Divide a®53 + 5% +a3b® +a® by a®—ab+52.

8. Divide 10ac+3c® +3a® +45* +8ab+8bc by 26+a
+3c.

9. Divide 4a® —64a by 2a—4.

OPERATION,
2a—4)4a’ —64a(2a* +4a +8a% 4-16a
40% —8a*
8at
8at—16ad
16a3
16a% —32a%
32a® —64a
32a% —64a

Observe that it is not necessary to bring down the term —64qa
until we reach one in the partial subtrahends which is similar
to it, ¢. e., in this case, not until the last.

10. Divide 6y®—96y* by 3y—6.
11. Divide a4 +4z* by a® —3axz+ 222

12. Divide a® —x% by d* + a3z +a®2® + az® +-24.



USE OF THE PARENTHESIS. 45

13. Divide y4 +4y%22 —3224¢ by y + 22

{NoTE.—If the division is not exact, the remainder may be treated
&~ in arithmetic.]

14. Divide 23—y3 by z+y.
2y3
L, L J— | Sty A
Quot., z2—zy +y z+y
15. Divide 262 —19 + 223 —192% by z—8.
16. Divide 23 —y® by 2—y.
17. Divide x4 —y* by z+y.
18. Divide z* —y* by z—y.
19. Divide 424 —5c¢2x2 + ¢4 by 222 —3cx +ct.
20. Divide a* —2a22® + 24 by a® +2az+23.
21. Divide 12—4a—3a® +a® by 4—a®.
22. Divide 4y*—9y® +6y—1 by 2y* +3y—1.
28. Divide 2z*—32 by 2—2.

USE OF THE PARENTHESIS.

84.—A parenthesis () indicates that all the quantities
included are to be considered as a single quantity,
or to be subjected to the same operation.

1. What is 3(a+5)? 38a(a®~—c)? (a—d)(a+0)?
What is to be done to a+5 in the first case ?

What does the parenthesis mean which encloses
a*—c?
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What is it that is to be multiplied by 3a ?
What is a—b to be multiplied into ?

R. Does 5ac—d mean the same as 5a(c—d) ?
Into what is 5a multiplied in the former ?
Into what in the latter ?

8. Doz®—y?+z—y and (22—y?)+(z—y) mean the
same thing ?

What division is indicated in the former? (Only —y*
is divided by z.)

What division is indicated in (£® —y2)+(z—y)?

4. What is (23 —1)+(x—1)? _
Does (23 —1)+z—1 mean the same as the former ?
What is 23 —1 to be divided by in the first case?
What in the second ?
(z3—1)+2—1=22—1—-1.
(z3—1)=(z—1)=22+2+1.

5. In the expression 3z 4 2y— (z—y) what is to be done
with z—y?

How do you subtract a quantity ?

Show that 3z +y— (z—y)=2x+3y.

6. Show that 22 + 22y + y* — (22 — 22y + y?) =4xy.

7. Why is 8a—2b—(2+2)=3a—2b—2—2?

85. When a parenthesis occurs in a polynomial, preceded
by a — sign, if the parenthesis is removed, the signs
of all the terms which were within must be changed,

since the sign — indicates that the quantity within
the parenthesis is a subtrahend.

8. Remove the parenthesis from 3x% —2y—(2z—1).
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9. If we remove the parenthesis from 3a+2b+ (z—y)
must we change the signs of the terms now within it ?
Why ?

What is to be done with the z—y?

Do we change signs in order to add quantities ?

10. What is the value of 4z—(22—3) when 2 =57

11. What is the value of ab—3a (1—a) when a =2,
and $=3? Ans., 12.

12. What is the value of ab+3a (1—a) when a=2,
and =37

13. Explain that e+ (+3)=a+d; a+(—b) = a—b;
a—(+b8)=a—b; a—(—d)=a+?d.

—=Mactoring
\ O]
¢ SECTION X.

86. The Faotors of @ number are those numbers
which multiplied together produce it. A Factor is,
therefore, a Divisor. A Factor is also frequently called
a Measure, a term arising in Geometry.

1. What are the factors of 15?7 Of217?

7 (r(/(

(2

2. What are the factors of ad? Of 3mn ?

3. Resolve 12 into 2 factors. Resolve it into 8 factors.

In how many different ways can 12 be resolved into 2
factors ?

4. 1Is 3a a factor of 3az® ?
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‘What is the other factor ?
Why are 3a and z# the factors of 3az® ?
Are 3az and z also the factors of 3az2 ?
Are 3z® and a also the factors of 3az% ?
Are 3and az®*? Are 3z and az?

5. Resolve 15a%z3 into two factors in as many different
Ways a8 you can.

Resolve 15a%z® into as many different factors as you
can.*

87. A Monomial can be resolved into as many different
sets of factors as there can be made groups of the
factors of the numerical co-efficient, and the literal
factors which enter into it.

1. Four times z and 3 times  are (44-3) times z, or
(4+43) =

In like manner how many times % are a times z and
b times z ?

2. 2a® times y and 35 times y are how many times y ?
How is the result written? Ans., (Ra® +3b)y.

3. Write by use of the parenthesis 3m times z, plus 2x
times z, plus 2.

4. Five times 2 minus 3 times z are (5—3) times =, or
(5-=3) =.
In like manner write 2 times 2 minus 35 times z.

* Of course this means without the use of fractional exponents
of which the pupil is supposed to know nothing as yet.
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5. Write 3 times g minus 25 times y, plus y, by use of
the parenthesis.

6. If we consider 5a, 25, and c, as the co-efficients of =
in the terms 5a, 26z, and cx, how many times z have we ?
How is it written ?

7. Considering 3m3, 5, and 6ad? as the co-efficients of
¢, what is the sum of 3m2y, 5y, and 6ad®y?
Ans., (3m? +5 +6abd®)y.

88. This process is called adding the terms with
reference to the common letter y.

8. Add with reference to z, the monomials 2z, 3nz, and
abx.

9. Add with reference to y, the monomials 2ay, —3by,
Yy, —cy and ay. Sum, (3a—3b+1—c)y.

10. Add with reference to z, a®z, and —z.

11. Add with reference to y, 2ay, and —3by.

Removing a Letter which is a Common Factor, from
each Term of a Polynomial.,

1. What is the product of @ and a—2? What are the
factors of a%? —ax?

2. What is the product of 3 and a+5? What are the
factors of 32 +3b?

3. What is the produc.t of 3a® and 1—a? What are

the factors of 3a2—3a3 ?
3
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4. What is the product of 2¢—25 and z? What are
the factors of 2az—2bz ?

89. Any faotor which occurs in every term of a poly-
nomial can be removed by dividing each term of the
polynomial by it.

5. What are the factors of a*z—2?

6. Show that ma3 + nz®=(m +n) 22 ?

7. Write 2az—z as the product of a binomial factor
into z.

8. Write 12az®*—3z%+2* as the product of a tn
nomial factor into z3.

The Square of the Sum of Two Numbers,

1. What is the product ofa+5 and a+5?
What are the factors of a® +2ab+ 5% ?

2. What is the product of z+y and z+ y?
What are the factors of 2% +2zy+y* ?

3. What is the product of 1 +z and 1+z?
What are the factors of 1+ 2z +2*?

40. We see from the last examples that the square
of the sum of two numbers equals the square of one
of them, + twice the product of the two, + the square
of the other. Thus(a+b)(a+b) isthe square of the
sum of the two numbers a and b, and is equal to
a’+ 2ab+b’.

4, Resolve «® + 4a2z +42% into its factors.

-d
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5. Resolve 4a2 +12ax + 922 into its factors.
6. Resolve 1+ 4xy+422y® into its factors,

The Square of the Difference of Two Numbers.

1. What is the product of 2—y and z—y?
What are the factors of 2% —2xy+y®?

2. What is the product of m—» and m—n?
What are the factors of m2—2mn+n??

3. What is the product of 1—z and 1—z?
What are the factors of 1—2z+2%?

4. What is the product of 2—z and 2—=z?
What are the factors of 4—4z+422?

41. From these examples, we see that the square of the
difference of two numbers is equal to the square of
one of them, — twice the product of the two, + the
square of the other. Thus (x—Y)(X—Yy)=x*—2xy+Yy*.

5. Resolve 9a4® —6ay + y® into its factors.
6. Resolve a%z®—2az+1 into its factors,
7. Resolve 4a®z® —12abzy + 952y* into its factors.

The Product of the Sum and Difference of Two
Numbers.

1. What is the product of z+y and z—~y?
What are the factors of z2 —y* ?



52 INTRODUCTION TO ALGEBRA.

2. What is the product of a+5 and a—5?
What are the factors of a®—5%?

3. What is the product of 1+z and 1—2?
What are the factors of 1—2*?

4. 'What is the product of 2 +z and 2—=2?
What are the factors of 4—28%?

42, We see, from these examples, that the product of the
sum and difference of two numbers is equal to the
difference of their squaress Thus (xX+yXx—y)=
x:—y*,

5. Resolve 423 —9y#® into its factors.
6. Resolve a®2%—c?y? into its factors.

7. Resolve m3n® —16 into its factors,

Divisors of the Difference or Sum of the same
Powers of Two Numbers,

1. Will z—y divide z¢—y* without remainder?
Try it. g
Will it divide 2% —y3 ?

2 Will z—y divide 26—y® without remainder?
Try it.
Will it divide 28 —y5 ?
3. Will z+y divide z4—y4?
Will it divide z4 +y4 ?
Will it divide 8 4y ?
Try it in each case.

s
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43. The difference between any two quantities is @
divisor of the difference between the same powers of
the quandtities.

The sum of two quantities is a divisor of the differ-
ence of the same even powers, and the sum of the same
odd powers of the quantities.*

4, Is a—b a factor of a3—53%? If so, what is the
other factor ?

5. Is a+b a factor of a®+4#? If so, what is the
other factor ?

1. Will 38 divide both 12 and 15 without a remainder ?
Is 3 therefore a divisor of 12?
Is it also a divisor of 15 ?
Is it a Common Divisor of both 12 and 15 ?
2. Will a divide both 3az and 24? without a remainder ?
Is a therefore a divisor of 3az ?
Is it also a divisor of 2a2?
Is it a Common Divisor of both 3az and 243 ?
44. A Common Divisor is @ common integralt factor
of two or more numbers.

* It is not deemed expedient to give demonstrations of these
propositions. Let the pupil learn them, and how to apply them.
{ Since the genius of the literal notation makes the letters strictly
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3. What common divisor have 3ay and a2z ?
Have they more than one common divisor ?

4. What common divisor have 1522y and 12abz® ?
Have they more than one common divisor ?
How many?

5. What common divisors have 14a3z® and 21a®c23 ?
Is Yaz a common divisor ?
Is 7a22? Isac? Is%c? Is7a%z2?
What is the common divisor of 14a32% and 2la®cz®
which contains the %ighest number of factors ?

6. What are all the common factors, or divisors, of
6a30y® and 4acys ?
What is the product of @il the common factors of these
numbers ? .
What then is their common divisor which has the
highest number of factors?

45. The Highest Common Divisor of° two numbers is the
product of all their common prime factors.

7. What is the H. C. D.* of 10a3y% and 4a2by3 ?
8. What is the H. C. D. of 12mntz%y and 30m2n3y?

46. A Prime Number is one which has no integral
factor other than itself and unity.

general in their signification, we cannot affirm that @, or b, or z, i
an integral factor. We can only affirm with strict propriety that
such have the integral form, @ may be a fraction or a mixed num-
ber ; as also may any letter. But this discrimination need not be
urged upon quite young pupils, however important it is in itself,
since failure to notice it will give them no practical difficulty.

*H. C. D means highest common divisor.

—_—
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47. RULE.—T0 find the H. C. D. of two numbers, re-
solve them into their prime factors, and take the
product of all the common factors.

Highest Common Divisor of Polynomials.

1. What are the prime factors of 2az®—2ay®, and
622 +12zy+6y®? What the H.C. D.?

Suggestion. 2az®—2ay®=2a(z*—y*)=2a(z—y)(z+y). 62*+
12zy + By*=6(2? + 22y + ¥*)=2-3(@+yXz+y). We now see that 3
and z+y are the only common factors. Hence their product,
2z+2y, is the H. C. D.

2. What is the H. C. D. of 3a%z+4a3z, and ady—
baty3?

3. What is the H. C. D. of 5a3¢+10a3c®, and 10a%5
—5a3bx ?

4. What is the H. C. D. of 2az®--6aty, and 4a%z+
8ay®—2a? Ans., 2a.

5. What is the H. C. D. of az® +2a%x+a3, and az3
—adx?

6. What is the H. C. D. of 3ab% —12a22, and 6a%d® +
4a2bzr+24a%22 ?

7. What is the . C. D. of 423 —4dy3, and 8b%z*—
8h2x2y? ? Ans., 4bz—4by,

8. What is the H. C. D. of 10az+3ay, and 14xty4
lazy? ?
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48. A Common Multiple of two or more numbers is an
integral number which contains each of them as
a factor, or which is divisible by each of them.

1. What are all the factors of 30°?
Will any number contain 30 which does not contain
all the factors of 30?

2. What are the factors of 6°?
Will any number contain 6 which does not contain
the factors 2 and 3 ?
Does 9 contain both of the factors of 6?
Will 9 contain 6 ?
What factor is lacking ?

3. Will 56 contain 15°?
What factors of 15 does 56 lack ?
Does 54 contain all the factors of 15?
Does it contain 15 ?
What factor of 15 does it lack ?

4. Does 42 contain all the factors of 6?
Does it contain any other factors than those of 6?
Does its containing other factors prevent its contain-
ing 6°? -
Is 42 a multiple of 6?7 Why?

5. Does 12a®x contain all the factors of 3az?
Does it contain any other factors than those of 3az?
Is 12a%z a multiple of 3ax?

]
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6. Is 16m2y? a multiple of 8mz? Why not?
Does it contain all the factors of 8mx ?
What one is lacking ?
If you put in the lacking factor, will it (16m3%2y2) be a
multiple of 8mz?

7. What factors must you put into 3a%y? to make it
a multiple of 6a3y ?

49. One number, fo be a multiple of another, must
contain all its factors.

8. Is 16 a multiple of both 8 and 4?
Does 16 contain all the factors of 8°?
All the factors of 47?

9. Is 42a%z% a common multiple of 6az and Vaz3,
i. e., does it contain all the factors of each?

10. Can a multiple of any number be less, or of lower
degree, than the number itself ?

Least or Lowest Multiples.
50. A number is its own least or lowest multiple.

1. Can 70 and 42 have a common multiple less than
70°?
Can any two numbers have a common multiple less
than the greater of the two?
Is 70 a common multiple of 70 and 427 Why not?
Ans. Because it does not contain 42 ; and it does not
contain 42 because it does not contain all the factors of

42.
g%

~



s

58 INTRODUCTION TO ALGEBRA.

‘What factor must be put in with 70 in order to make
a product which will contain 42 ? ’

51. Two numbers cannot have a common multiple
less, or of lower degree, than the larger, or the one of
the higher degree.

2. Can 5a3)* and 7«%hz have a common multiple

which does not contain all the factors of 5a35% ?

Can they have one which does not contain all the fac-
tors of 7a%z? Why?

What factors has 7a%bz which 5a35* has not?

If we multiply 5a35* by all the factors of 7a®dz, which
it does not already contain, will the product be a com-
mon multiple of the two numbers ?

52. The Least Common Multiple of two or more numbers
is the least integral number which is divisible by
each of them.

83. RULE.—T0 find the L. C. M. of two or more lit-
eral numbers, multiply the number of highest
degree by all the factors of the next highest num-
ber which are not found in it; this product by all
the factors in the next highest which are not
found in the preceding, and so proceed with all
the numbers. This product isthe L. C. M.

REASON.—This product contains each number because it con-
tains all the factors of each. It is the L. C. M. because it contains
no unnecessary factors.

3. What is the L. C. M. of 2* +2zy+y* and 3az*— ;
Bay® ? 1

Suggestion.—The factors of z* +2zy+y* are 2+y and z+y.
Of 8az*—8ay* the factors are 8a, z—y, and z+y. Hence (3az®—
8ay*)z+y) is the L. C. M.

&TFT N WM ~2nifaa ) ¢ An Volania
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4. Find the lowest common multiple of ae?, 2ay,
4y +y2, and az?® 4422,
L. C. M., 8a3z?y+2a3x%y* +32asx%y+ Batz®ys.

5. Find the lowest common multiple of 2ay2, 4ay®,
Rz—422, and z3 +ax®.
L. C. M., 4ax3y® —8azty® +4az*y® —8a®z3ys.

6. Find the lowest common maultiple of 3a%, ax?,
3a+6a?, and z3 —3z®.
L. C. M, 3a%z® + 6a3z3 —9a®x® —18a32t.
%. Find the lowest common multiple of 43° 2ay’
8a—52b, and 10a—5.
8. Find the lowest common multiple of ba, 10ab,
3y +327, and 6_1/3+3y2

SECTION X,

54. For the various operations upon fractions in the
literal notation, the ordinary rules of arithmetic for
the corresponding cases apply, only that the funda-
mental operations of addition, subtraction, multi-
plication and division, are performed by the pre-
ceding rules.

55. Itis to be observed, however, that the conception
to be taken of a fraction, in the literal notation, is,
that it is an indicated problem in division, the nu-
merator corresponding to the dividend, and the de-
nominator to the divisor ; and hence, that the value
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of the fraction is the quotient of the numerator di-
vided by the denominator. Allthe operations are to
be explained on these principles.*

56. Thesame terms, as Integer, Entire, Mixed, Proper,
Improper, etc., are used in reference to fractionsin
the literal notation as are used in arithmetic, and
with a significance so similar that the definitions
need not be repeated.

67. Reduction, in mathematics, is changing the form
of an expression without changing its value.

Reduction to Lowest Terms.

68. RULE.—T0o reduce fractions to their lowest
terms, reject all common factors from both terms,
or divide both terms by their H. C. D.

REA8ON.—The numerator being the dividend and the denomina-
tor the divisor, rejecting common factors does not alter the quo-
tient, which is the value of the fraction. Thus it is evident that
if a divisor is contained in a dividend 8 times, half that divisor will
be contained in half that dividend 8 times, etc. Hence, rejecting
common factors from numerator and denominator does not alter the
value of the fraction. Again, when all common factors are rejected,
the fraction has the lowest possible numerator and denominator,
since to reject any factor from either which is not common would
change the value of the fraction.

a
5'
be separated into b equal parts, etc., since the genius of the literal
notation requires that b represent any quantity, fractional as well ag
integral.

* It will not do to say of that b indicates that a quantity is (o
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t 277X 2
1. Reduce 2batmiz to its lowest terms.
15am3z?

25a%m®z__ 5-Bparprhd* _ Ba
OPERATION. 15am3a® ™ 3-Bgmpuhpz~ 3mz

2. Reduce M to its lowest terms.
15by®
8. Reduce 12a%5 —16a%) to its lowest terms.

8a%bz+4a®bh®

Suggestion.—Divide numerator and denominator by 4a*b.

28 8,2
4, Reduce M—- to its lowest terms.
Tx3y
14a22® —21a23 + 564322 .
5. Reduce 28a32° —35azt to its lowest
terms.

Suggestion.—In attempting to reduce such a fraction, first ob-
serve whether there is a common factor in the numerical co-effici-
ents. In this case 7 is such a factor. Then notice if any letter or
letters are common to all the terms, and the term or terms which
contain the lowest powers of these letters. In this case @ and z are
in each term. There are two terms which have simply a, and two
which have z8. Hence, we can divide numerator and denominator
of the fraction by 7az®. Could we by 7a%z®? By 7aw®*? Why
not? After having removed the monomial factors, examine the
resulting fraction and see if any binomial factor exists. In this

2a — 8z + 8a*
h 2 . . .
case we have ~data B " If there is a binomial factor, we can

* Of course in practice this step is omitted. But the student

should see that it is always implied, and it is a convenient form to
indicate the cancellation.

R a A L% AR M e etamed
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detect it easiest in the denominator, gince, if this can be f_cvores
it must be by (42).

12a423y® —18a323y® + 42a324y*

6. Reduce 6aiziyt —basz’ys to its
e -3z+Tz
lowest te = .
owest terms. Result, (a7

4a%z +8a%2® —12a32® . '
7. Reduce 10725 —20a%% 1 28azy to its lowest

terms.

2bx3 203z

8. Reduce 57 e 1208

to its lowest terms.

Suggestion.—Having removed the monomial factor there re-
z3—-bz . . + ne

sults ey O Factoring the numerator it becomes 2(z* —b*)
or o(z—b)z+Db), by (42). Now the question is whether any
factor of the numerator is found in the denominator, and hence

can be canceled.

az+x*

9. Reduce m

to its lowest te;rms.

10. Reduce 2yt to its lowest terms.

_J.
$ x_y .
—_—n2rb
11. Reduce a’—a’z to its lowest

3a +3a5z—3atx® —3adz3
terms.

X 2
12. Reduce Zifa_zg-i;_y to its lowest terms.
z3—zy
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T'o Reduce a Fraction from an Improper to an Inte-
gral or Mixed form.

69. RULE.—Perform the division indicated.
REASOR.—As a fraction is but an sndicated operation in division
we may perform the operation and get the quotient, which is the

wvalue of the fraction.

z%—2az+ad

1. Reduoce to an integral form.

Result, x—a.
Suggestion.—Divide the numerator by the denominator.

10a®* —13azx—32*

2. Reduce %a—32 to an integral form.
3 e —a2 3
3. Reduce 12 +8M4t,_2;“ 23'7% to sn inte
gral form.

10a% —13ax—32*

4. Reduce Bata

to an integral form.

908 88 acr— 23
5. Reduce 12¢7 +8act2? —3 24tz to an inte-
3c+Razxt

gral form.

6. Reduce ay;b to an integral or mixed form.

y)ay+d,

b
a+-
y

OPERATION. The term ay can be divided by p.

giving 4. But we can only indicate the division of b by g, by
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writing it in the form;b; and as the sign of both b and yis +, the

quotient, -:7, is +, and is to be added to a.

2023 —102+4

7. Reduce 2 to an integral or mixed
form. Result, 428 —2 + i
b5z
bz —z3 . .
8. Reduce — to an integral or mixed form.

3
Result, 2ax—:%.

3
Query.—Why has % the — sign?

ad 28 —at

9. Reduce —————— to an integral or mixed

a+z

form. Result, a*—az+2—

3ax+ b2

10. Reduce p

402 4 2ab—b®

i f
2135 to a mixed form.

11. Reduce

a3 —ps

i Tm.
P to a mixed fo

12. Reduce

6a® +5ax—z®
13. Reduce 32t +2az
a3 —30% —4x+4+9a®

14. Reduce 947

z‘
a+z

to an integral or mixed form.
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To Reduce Mixed forms to Improper forms.

60, RULE.—Multiply the integral part by the given
denominator, and annexing the numerator of the
fractional part,if any, write the sum over the given
denominator.

DEM.*—In the case of & number in the integral form, the proc-
ess consists of multiplying the given number by the given de-
nominator and indicating the division of the product by the same
number, and hence is equivalent to multiplying and dividing by
the same quantity, which does not change the value of the num-
ber. The same is true as far as relates to the integral part of a
mixed form, after which the two fractional parts are to be added
together. As they have the same divisors, the dividends can be
added upon the principle that the sum of the quotients equals the
quotient of the sum.

J— 2
1. Reduce 2a—z* +iq:—_74a to a fractional form.

MopEL S0LUTION.{—Multiplying 2a¢—2* by a—z, I have
2a*—az® —Raw+a°, which dividled by a—=z, of course equals
2@—2:’; or %_12=M, . 2a—z2 +3‘w_4a'=

a—z a—2z
2a®—a2* —2ax+2°  8ac—4a’
= Ta—= TTa—z

But, as the sum of these two

* This abbreviation stands for ‘“ Demonstration.” A demonstra-
tion is a proof of the correctness of a rule, or the truth of a state-
ment. It is a more formal and scientific statement-of what has
heretofore been called ‘“ Reasons.”

t These solutions are designed as models for the pupil in the
explanations given by him from the blackboard. In the earlier
part of this very elementary treatise itis thought that the pupil is
introduced to so many new ideas, that it would be unwise to attempt
much rigor in regard to his style of explanation,
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quotients equals the quotient of the sum, I have, after uniting
. 23 —az® +az—2a*
similar terms, ez

2. Reduce 22—3;—"’ to the form of a fraction.

at +2az+z*
a—z

3. Reduce a+2z—
tion.

to the form of a frac-

Suggestions.—The integral part, a + z, multiplied by the de-
nominator, a—z, gives a*—z*. Now notice that the numerator,
a*®+2azx+22, is to be subtracted from this, as the sign before the
fraction is —. If we subtract a®-+2az+2* from a*—2*, we have

—%az—2z%
—2az—2z%. Hence the result is sz_z 5 OT _2:v(a+a:)

a—z
‘We may also write this thus :
2 2__ w2 _(ad
a+z a’+2aa;+z =22 (a ';M'H:) Now the quantity
a— a—

in the parenthesis is to be subtracted from the a*—z%. Hence,

changing the signs of the terms in the parenthesis, and dropping
at—z'—at —2az—a*

the marks, we have po— Uniting similar
— — { ]
terms, this becomes —2—:‘;_-_%-'
at —2ab+ b
4. Reduce I—Tﬁ—— to the form of abfmc-
tion. Result, T
5. Reduce a—a:+az :fx_ to the form of a frac
2a'—5
tion. Resull, —— iz
4z2—5 .
6. Reduce 3z— to the form of a fraction.

bz
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7. Reduce 4az—3—;—b to the form of a fraction.

8. Reduce 7z—3y+ +z to the form of a frac.

tion.

at +a?

-z

9. Reduce a+2z— to the form of a fraction.

3
10. Reduce a'—az+z’—£;: to the form of a frac-

tion.

11. Reduce z+y— to the form of a frao-

28—yt +7
z—y
tion.

To Reduce Fractions having different Denomina-
tors to Equivalent Fractions having a Common
Denominator.

61. RULE.—Multiply both terms of each fraction
by the denominators of all the other fractions.

DrM.—This gives a common denominator, because each denomi-
nator is the product of all the denominators of the several frac-
tions. The value of any one of the fractions is not changed,
because both numerator and denominator are multiplied by the
same number.

1. Reduce the fractions _z_, 2———6, and ?nz_—z,
: ¥y’ a+b —b
equivalent fractions having a common denominator.

to

MoODEL SOLUTION.—Multiplying both terms of the fraction 5 by



]

68 " INTRODUCTION TO ALGERRA.
[P Y )
a+b and a—b, or by a*—b*, I have f_i_b_ﬂj , which has the same
aty—bty

value as 3—. since the numerator and denominator have been

multiplied by the same number. Inlike manner multiplying both

Say—aby—y+bty

2-b
terms of ath by y and a—b, I have a'y—by R

value of which is the same as ?&:, since, etc. Finally, mul-
8a—2z :
tiplying both terms of o by y and a+d, I have

Sa’y ,! + . y—bay , which has the same value as 8a—z
aty—b'y a—b

etc. These fractions have the common denominator a*y—bty, as
in each case the new denominator is the product of all the old
ones.

, 8ince,

a

2. Reduce 2 and -, toequivalent fractions

Q<Slo
N

having a common denominator.

3. Reduce %, -2—: , and 2, to equivalent fractions
having a common denominator.
4 Reduce —— b and 2, to equivalent frac-
2 + y ’ 22— y’ 3’

tions having a common denominator.

To Reduce Fractions to Equivalent Fractions hav-
ing the Lowest Common Denominator.

62. RULE.—Find the lowest common multiple of all
the denominators, for the new denominator. Then
multiply both numerator and denominator of each
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fraction by the quotient of the lowest common de-
nominator divided by the denominator of that frac-
tion.

DEM.—The purpose in getting the L. C. M. is to get the lowest
number which can be divided by each of the denominators. The
process does not change the value of the fractions, since it does
not alter the quotient to multiply dividend and divisor by the same
number.

a.
1 —a’ (1—a (1
lent fractions having the lowest common denominator.

5. Reduce d—a)*’ and ),. to equiva~

MoDEL SOLUTION.

OPERATION.—The L. C. M. of 1—a,.(1—a)?, and (1—a)®is

1 s ax(l—a)* _ a-2a+a® a*x(1—a)
(1—a)*. (1—a)x(1—a)* 1—3a+8at—a*’ (1—a)*x(l—a)
at—a? a® a®

T 8at8ai—a’ ™ {T—a) 1—8a+8a*—a*"

EXPLANATION.—By inspection I observe that (1—a)® is the
L. C. M. of the denominators, since it is the lowest number which
contains itself, and it also contains each of the other denomina-

tors. Now, to make the denominator of e (1—@)?, T must

multiply it by (1—a)?+(1—a); 4. e., by (l—a)’. But to preserve
the value of the fraction, I must multiply the numerator by the
_al—a)* _ a—2at+a?

same quantity. Thus e~ (=0 —i-8a+8a"—a*’ ete
z¢ a
6. Reduce T 3y and - 6_1/’ , to equivalent frac-

tions having the lowest common denominator.
32%y*  day 2w—2
12y’ 12y8° 12y

Equivalent fractions
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at 1 6 ivalent
7. Reduce = a—z and vz’ to equivalen

fractions having the lowest common denominator.

8 to 11. Reduce the following sets of fractions to

equivalent sets having the lowest common denomina-
tors.

1

To Add Fractions,

1. Twelve divided by 3, +15 divided by 8, +21 di-
vided by 3, makes how much divided by 3°?

2. Eight divided by 5, +11 divided by 5, +3 divided
by 5, makes how much divided by 5?

3. a divided by 3, +¢ divided by

b, +d divided by 5
makes how much divided by 5? ’

m z y Mm+z+y o
4'157&+n+71 equal to — Why.?
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63. The sum of the quotients of several numbers di-
vided by the same number is equal to the sum of the
numbers divided by this common divisor.

64. RULE.—T0 add fractions reduce them to forms
having a common denominator, if they have not
such a form, and then add the numerators, and
write the sum over the common denominator.

DEM.—The reduction of the several fractions to forms having a
common denominator, if they have not one, does not alter their
values (62), and hence does not alter the sum. Then, when they
have a common denominator (divisor), the sum of the several que
tients is equal to the quotient of the sum of the several dividenda
divided by the common divisor, or denominator (68).

= z 31z
5. Add 3’ 32 and Sum, 30"

w1y
ou g

MoODEL SoLUTION.—Reducing the fractions to equivalent ones
having & common denominator, I have

z_ 880 _ 10
37852 80°
z_ 25 100
8 2538 80’
z_28 6
6 235 80°

As the new fractions are equivalent to the given ones, I have

£+£+a:_l£m_+& g—a—l-z gsince the sum of th
2735 "t "0 ot the quo.

tients is equal to the quotient of the sum of several numbers di

vided by the same number (68).

z+2
3

Tz+6
6

2.
6. Add —g Sum, )
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2— 3z—1 13z—1

z
7. Add 5 ’ and —z—-- Su"), _10_ .
a+bd a—=b 2a% +2b¢
8. Add a—b’ and m. Su"l, —(Tl:—b_l— .
1—2zt 1428 24224
9. Add 1_-{'-?, and W. Su,m, _1__2_‘ N
10. Add L and .
’ 1+z’ 1—2%
x @
11. Add m, an(l m.
. 1428 1—23
12. Ad(]. 1—_—;; a-nd 1t28
)
18 add 52, L, ana -2,
a®—x a—zx z
Swm, aa:;i- _‘:;f .
14. Add 3z, x+%—‘, and 4:1;—%‘-.

Suggestion.—In adding mixed numbers it is usually best tc
add the integral and fractional parts separately.

2—5 z—1

15. Add 4z, 3z+ 3 and 5z— TN
1 2xy
Sum, zty

. z3—2ty +zy® —y3 -
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To Subtract Fractions.

1. Teu divided by 2, minus 4 divided by 2, make how
much divided by 2°?

2. Seventeen divided by 3, minus 11 divided by 3,
make how much divided by 3?

3. a divided by b, minus ¢ divided by , make how
much divided by &?

63. The difference between the quotients of two num-
bers divided by the same number, is equal to the
difference between the two numbers divided by this
common divisor.

66. RULE.—T0 subtract fractions reduce the frac-
tions to forms having a common denominator, if
they have not that form, and subtract the numera.
tor of the subtrahend from the numerator of the
minuend, and place the remainder over the com-
mon denominator.

DeM.—The value of the fractions not being altered by reducing
them to a common denominator, their difference is not altered.
After this reduction, we have the difference of two quotients aris-
ing from dividing two numbers (the namerators) by the same di-
visor (the common denominator). But thisis the same as the quo-
tient arising from dividing the difference between the numbers by
the common divisor (65).

4. From Z*Y subtract z_—_’ll

z—y +y
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MoDEL SOLUTION.
OPERATION. (z—yXz+Y) = zt—y*,
@+y) x(@+y) _ 2*+2ay+y*
@—y)x(c+y) -yt
E—y) x(z—y) _ =*—2zy+y*
@+y)x@—y)~ <*—y*
(=* + 22y +y*)—(2* —2zy + y*) = day.
LTy z—y 4y
ey ey Py

EXPLANATION.—The L. C. M. of z—y and 2+ y is their product,
since they have no common factor. Hence z®—y* is the L. C. D.

To reduce ~+¥ P y ¥ o this denominator I multiply both its terms by

z+y, which ‘gives -ﬂt‘yﬂ- In like manner multiply-
1

ot —yt

ing both terms of —ly’ by z—y, 1 have 2 2@-‘—” . Ihavenow
2

to subtract 2,22";;’/ trom Z :,2%-*_1. Since the difference

of the quotients of two numbers divided by the same number is the
same a8 the quotient arising from dividing the difference between
those numbers by the common divisor, I take the difference of the
numerators (the quantities to be divided) which is 42y, and dividing

it by 2*—y* I have ;42—”;,, for the remainder of :_t: less :—;—:.
5. From %x take z Rem., {;—g
6. From g take g .
7. From %1 take %"-2
8. From _l_ take 1 .
z—y T+y
9. From i:i: tak i+x2 Rem., '1_4':: .
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10. From a—’ subtract ———b
: 142 1—zg8°

11. From 1 subtract _s}_,_
z—y z%—y

12. From 2a—3x+a—;—x subtract a—5x+x—;—9.

Suggestioh.—ln accordance with the use of the parenthesis
(84), we may indicate the subtraction thus :
2a—8z+—— a—5z+u
Now removing the parenthesis by (356) we have
- - —
2a—3a:+“—?—a+5z—%9.
Uniting the similar terms and adding the fractions, we have a + 22
at—zt
"

+

1
13. From a+x+— take a—x+—
. —y* z+Yy

7x12
7ta.k2+3 .

14. From 5z+

3zx— 2a take 2a+4a—3x.

15. From 6a+

-
16. From 2y ,M take . Rem., 1~!.
Yy -y y—1 Y

Multiplication and Division of Fractions.
67, There are two cases: 1st, when the multiplier or
divisor is an integer; and 2d, when the multiplier
or divisor is a fraction.
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Case I. In Multiplication.

68, RULE.— 7o multiply a fraction by an integer
multiply the numerator or divide the denominator.

DeM.—The reason for this rule is that, as the numerator is the
dividend, if we multiply it we multiply the quotient ; and, as
the denominator is the divisor, if we divide it the q.notient is mul-
tiplied.

L Multiply’%;—: by m +n.

MoDpEL SOLUTION.

m—n m*—n?t
OPERATION. ——— X(m +n)=
By <=y
EXPLANATION.—Since m—n is divided by 8zy, if I multiply it
by m+n and then divide (or indicate the division), I shall have
m+n times as large a.quotient as at first. Butthe valueof a frac.
tion is the quotient of the numerator divided by the denominator.

— e _nt
Hence multiplying the nunerator of m&yn by m+n I have maazyn ,
m—n
hich i ti -
which is m+n times 2y
2. Mnltlply 348 b’ by 3a.

MoDpEL SOLUTION.

2
OPERAfron. 2ma X3a= ::f

8a®h?
EXPLANATION.—Since 2ma is to be divided by 8a%b%, it I divide
the divisor by 3a, it will be contained in the dividend 8a times as
2me . 2m.

2
many times as before. Hence 5 is 8a times 3
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3. Mulnply by bat.
4. Multxply 30T by a+b.

5. Multxply by 1—2, Prod.,

6. Multiply :%fb by 3a.

7. Maltiply 137"’ — byab.

. zt—a
8. Multiply 35530 by 3y.

9. 15 is how many times 18—0? a is how many times %?

Whateffect does it have on a fraction to drop its denomis«
nator ?

10. Multiply 22 by 5a.

Suggestion.—Multiply by 5 by dropping the denominator.
Then multiply this product, 8az, by the other factor, a, of the
maultiplier.

11. As in the last, multiply i——__;t by (1—z%). What
are the factors of 1—z2?

69. Dropping the denominator of a fraction multiplies
the fraction by the number dropped.
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12. Multiply z%: by m® +2mn+ns.

13. Multiply :'-,:—:: by m* —2mn+-ns.

14. Multiply f—’(x—?—b;c-w by z® +y'.

Case I. In Division.

70. RULE.—T)y divide a fraction by an integer di-
vide the numerator or multiply the denominator.

DEM.—The reason for this may be given in two ways :

1st. Since division is the converse* of multiplication, we perform
the converse operations, ¢. e., to multiply a fraction by an integer
we multiply the numerator or divide the denominator; hence to
divide, we divide the numerator or multiply the denominator.

2d. As the numerator is the dividend, dividing it divides the
value of the fraction, just as dividing the dividend divides the
quotient; and as the denominator is the divisor, multiplying i
divides the quotient.

1. Divide ¥ vy a.
c
MODEL SoLUTION.—Since the value of a fraction is the quotient
of the numerator divided by the denominator, and dividing the

dividend divides the quotient, I divide a¢ by ¢, and have %c+o=%.

e a
2. Divide 5 by ¢.

* The pupil may need to be told that converse means about what
he would mean by opposite, or reverse. The nice distinction
need not be made, but he should use the right word.
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MobpEL SoLuTiON.—Since the value of a fraction is the quotient
of the numerator divided by the denominator, and multiplying

the divisor divides the quotient, I multiply b by ¢, and have

a,,_a
b T be

Nore.—The pupil should be taught also to explain lceordmg to
the first demonstration.

3. Dx\nde o by z.

. .y 3a .
4. Divide 7z by a. :
5. D1v1de by az.

Suggestion.—Divide successively by the factors of az, i.e.,
divide by a by dividing the numerator, giving 4. Then divide

this by z by multiplying the denominator, giving 7:'.

71. Always perform multiplication and division in
fractions as much by division as possible, this will keep
the results in the lowest terms.

—_ 2
6. Divide 13b3 by 2a%b.

Multiply m; by 2a%b.

7. Divide &

—b%
oy by a~b.

. a®—b®
Multiply =ty by a—b.
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s. Divide & _b’

by z—y.

Multlply by z—y.

Case I1. In Multiplication,

1. If the numerator of a fraction is § and the de-

nominator 4, so that the fraction is %, and you multiply
both numerator and denominator by 3 x 7, or 21, what
does it become ?

Does this process change the value of the fraction ?

2. If a, b, ¢, and d, are integers, and you multiply
a

both numerator and denominator of % by bd, what does

d
the fraction become?

Does this process change the value of the fraction ?

3. How many times § is 3? If, then, you want to
multiply any number by 4, if you first multiply by 3, do
you get a product too great or too small ?

How many times too great or too small?

How, then, will you get the true product from this ?

4. If o and b are integers, and wishing to multiply any
number by %, you first multiply by a, is your product too

great, or too small ? How much? Why?
6 times 5 is how many times as mnuch as § times 5?

PN
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72, RULE.—To multiply by a fraction, multiply by
the numerator and divide by the denominator.

DEM.—Let it be required to multiply m, which is either an in.
teger or a fraction, by g .

1st. Suppose a and b are both integers. Multiplying m by a
gives a product b times as large as it should be, since we were to
multiply by only a bth part of @ ; hence we divide the product, am,
am
3"
2d. When either a or b, or both, are fractions. Let ¢ be the

by b, and have

factor by which numerator and denominator of % must be multi-
a
b
be a simple fraction, ¢.e¢., ac and bec are each integral; and the
acm
_50—-

plied to make - a simple fraction (see Exs.1and 2). Then will %‘i

multiplication is effected as in Case 1st, giving This re-

duced by dividing both terms by ¢ gives ab_m_. Hence we see that

in any case, to multiply by a fraction, we have only to multiply
the multiplicand by the numerator of the multiplier, and divide
this product by the denominator. It is also to be observed that
this reasoning applies equally well whether the multiplicand is
integral or fractional.

5. Multiply & by o

6. Multiply % by ;

7. Multiply 6—-5—_‘—;—1 by ;—E—g.
2243 | 102
5 YT
. 4* :

8. Muldiply
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9. Multiply 7" by 22,

at—b?
3ab by 2at, by dividing the de

nominator by @, and multiplying the numerator by 2a, thus ob

t_pt
taining their resnlts 2a{a’ —b") % 5

To effect this, divide the numerator, thus obtaining
2a*+2ab

8

Suggestion.—Multiply

, which is to be divided by a—b.

2”'(;: b , Ox

S __ 8
10. Multiply L,?x— by %. Also by ‘—z—i}.

] 8 —_—
a®+b bya b

11. Multiply a"Tb. m-

Case I1. In Division.

1. How many times is 4 contained in 1?
Are § contained as many times in 1 as 3is? Why?
How muany times are § contained in 1?

2. How many times is ‘_bl contained in 1?

How many times is @ contained in 1?

Then % is contained how many times ?

73. A fraction inverted, i. e., its reciprocal, shows .o
many times it is contained in 1.

* It is thought better to say nothing about cancellation till the
principle of the rule is well established.
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74. RULE.—To divide by a fraction, invert the
divisor and multiply the result by the dividend.

DEM.—Let 1;- be any fraction, and suppose we wish to find how
many times it is contained in ¢ (¢ may be an integer, fraction, or

mixed number). Now % is contained in 1 ‘b; times ; hence it is

contained in ¢, ¢ times g times, or I%o times,
3a m
8. Divide — by —.
! 5z Y n

4. Divide 7y® by 1:;’—5“7‘” Quot. 2”’-’/

5. Divide 6 by 3b'

s @ 3
6. Divide 3 by e

.1 R—cC 4
7. Divide -3 by 1o
m—n
8. Divide -i-_a by Zty’

c oo T2y +yt . z—y
9. Divide 2 by o

. .a 22 33
10. Divide P by Py B
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Complex Fractions,

1. If you multiply numerator and denominator of
2a
3

: by 65y, what will be the result ?
%
How would you multiply Z—Z by 6by ?

How multiply by the factor 35 (69) ?
How by the factor 2y ?

How would you multiply gy— by 63y ?
How by the factor 2y ?
How by the factor 35 ?

75. RULE.—T0 reduce a mixed fraction to a simple
one, multiply both numerator and denominator by
the lowest common multiple of the demominators of
the partial fractions.

Drm.—This process removes the partial denominators, since
tach fraction is multiplied by its own denominator, at least, and
this is done by dropping the denominator. It does not alter the
value of the fraction, since it is multiplying dividend and divisor
&y the same quantity. )

3cy
batz
20
Tazy
sult in its lowest terms.

2. Reduce to » simple fraction, and put the re-

ax+b
a
br—a

o

3. Reduce -

to a simple fraction.
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2at
3b . ,

4. Reduce S to a simple fraction.
55°
a®— )%
z® _yB

a+b

=y

5. Reduce

to a simple fraction.

Suggestion.—In some cases it is better to conceive the frao
tion as a problem in division, and work accordingly. Thus, in
@bt a+b_a—b
22—y z—y z+y’

this case, we have

76. 1tis also well to remember that as division is
the converse of multiplication, we may divide one
fraction by another by dividing the numerator of
the dividend by the numerator of the divisor, and
the denominator of the dividend by the denominator
of the divisor.

78 —2zy+y®
z8—y3
22 tzy +y*
=y
Suggestion.,—Use the preceding suggestion and (76).

6. Reduce to a simple fraction.

Cancellation.

77. Multiplication and division of fractions is greatly fa-
cilitated by canceling any factor which would, in
the final result, appear both in the numerator and
denominator.
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This is the same principle as the pupil has become familiar with
in arithmetic. The reason for the process is that dropping a fac-
tor from a number is the same as dividing the number by that
factor; hence, dropping the same factor from numerator and de
nominator is the same as dividing both terms by that factor (58).

Perform the following by canceling as much as pos-
sible:

15a823 6ecy*
1, Multiply —— v by 5%‘-.

3az®—3ay® . adz+aldy

2. Divide 50z Y 5z °
2a

4. Multiply ‘_’i‘_’ -z s and —_— together.
5. Divide S@+2)+2 4
’ 3 v 3(a—a:)'
6. Muliiply Z—%., 2 and _L_ together.
’ Py =z x4y y g

... at—Ratz% 42t | a%—28
W Divide —s @ M aiias

Mixed Nwmbers.

78, Mixed numbers may be reduced to improper
forms, and then operated upon according to the
common rules for addition, subtraction, multipli-
cation, and division. But in adding and subtract-

e TIY
. b

o
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ing.it is usually better not to do so, but to combine
the integral and fractional parts separately, as
given in the suggestions under Exs. 14 and 12,
pages 72, 75.

. 1 1 zt—1
1. Multiply 1+ o7 by a——. Prod., -
. b 1
2. Divide ab+ p by i
3. Divide 12 by (a_-;m —a.
.. B—2 B az
4. Multiply WTh W and at+.—, together.

Ly EiRTeTEC s e

R UL

~" SECTION -4

Xiv.
How Problems are Solved in Algebra.

1. John is 3 times as old as James, and the sam of
their ages is 32; how old is each P

SoLUTION.—This example is a very simple one, and can easily
be solved mentally. Thus, we see that since John’s age is 3 times
James’s, both their ages together make 4 times James's age, and
this is 32 years. Now 4 times James's age = 82 years. Hence,
Jumes’s age is } of 82, or 8 years; and John’s age being 8 times
James's, is 3 x 8, or 24 years.

To solve this by Algebra, we proceed as follows : Let 2 repre.
sent James’s age ; then, since John is 3 times as old, 8z will repre.
sent his age ; and the sum of their ages will be 8z+2. Now the
statement is that the sum of their ages is 82, hence 3z +2=382,



88 INTRODUCTION TO ALGERRA.

Or, what is the same thing, 4r=382. If 4x=382, 2= of 32, or
#=8. But z stood for James's age ; hence, James’s age is 8, and
John’s being 3 times as much is 3 x 8, or 24.

79. The expression 3x + x =32 is what is called an
Equation; and it is by the use of equations that we
solve problems in Algebra.

2. A merchant said that he had 72 yards of a certain
kind of cloth, in three rolls. In the first roll, there were
a certain number of yards; in the second, 3 times as
many as in the first; and in the third, twice as many
as in the first. How many yards were there in the first
roll?

Suggestion.—The equation is o482+ 22="T2.
- Now, z+ 8z +2z is 6z, hence 6x="T2.
And if 62=172, z, or 1z,is § of 72. z=12.

Queries.—What does the 2 stand for? Answer. The number
of yards in the first roll. In this problem, which is the most,
z+8z+2, or 72! To start with do you know how much z is?
Then is it & knows,or an unknown,quantity at the outset ?

80. The number which we desire to find as the an-
swer of a problem is represented in the beginning of
the solution by one of the latter letters of the alpha-
I.)et, usually x, if there is need of but one letter, and
18 called the Unknown Quantity.

3. A boy on being asked how old he was, replied, « if
you add to my age 3 times my age, and 5 times my age,
and subtract twice my age, the result will be 49 years.”
How old was he ?
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Suggestion.—The equation is T+ 38z + 5x—2r=49.
Hence, since ¢+ 3r+ 5z—2z is Tz, Tr=49.
If Tx=49, 2=} of 49, or z=T.

'. 4 There are three times as many girls as boys in a

party of 60 children. How many boys are there? How
many girls ?

5. In a barrel of sugar weighing 200 lbs., there are
three varieties, A, B, and C, mixed. There is 7 times as
much of B as of A, and twice as much of C as of A.
How much of A is there? How much of each of the
other kinds? .

Ans., of A, 20 1bs.; of B, 140 1lbs.; of C, 40 1bs.

81. The part of an equation on the left of the sign =
is called the First Member, and that on the right, the
Seoond Member. ’

6. There were 4 kinds of liquors put into a cask, 2
times as much of the second as of the first, 2 times as
much of the third as of the second, and 2 times as much
of the fourth as of the third. The cask sprung a leak,
and three times as much leaked out as was put in of the
first kind, when it was found that there were 36 gallons
remaining. How much was there put in of each kind ?

Suggestion.—The equation is 2+ 2%+ 4o +8r~—8r=36.

7. In a pasture there are a certain number of cows
and 23 sheep, in all 34 animals. How many cows were
there ?

SOLUTION.—As it is the number of cows we seek, let z repre.

%«
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sent the number of cows. Then 2423 is the number of animals
in the pasture, and the equation is
z + 23 = 34.

. Now the z+23 means just the same thing as the 34, that is,
£+23=384. 8o, if we subtract 28 from each, there will be just as
much left of one as of the other. Subtracting 23 from z+23,
there remains r, and subtracting 28 from 84, there remains 11.
Hence r=11. Now as z represented the number of cows, we
know that there were 11 cows.

82, ILLUSTRATION.—AN EQUATION may be compared to a pair
of scales with equal arms.

FIRsT MEMBER = SECOND MEMBER.

The weights in the scale pans represent the members of the
equation ; and, a8 there must be just as much in one panas in the
other, in order that the scales should balance, so the amount in
one member of an equation must be just the same as the amount
in the other, in order that the equation should be true.

Again, when the scales are balanced by the weights in the two
pans,)if we take 3 ounces out of one pan, we must take just as
much out of the other, or the scales will not balance ; or, if we
put any amount more into one pan, we must add just as much to
the weights in the other pan, or the scales will not balance.

If the scales are balanced with weights, and we change the
weights on one side 80 as to have 5 times as much, how must we
change the other side to preserve the balance ?

If we divide what is in one pan, and leave only } as much in it,
what must we do to the contents of the other pan to preserve the
balance ?

.
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Now, it is just the same with an equation. If we make a true
equation, there is just as much on one side as on the other ; and
if we add anything to one member, we must add just as muckh to
the other; or, if we subtract anything from one member, we must
subtract just as much from the other. If we multiply one mem-
ber by 5, what must we do to the other to keep the equation true ?
1f we divide one member of an equation by 7, what else must we
do to keep the equation true ?

8. In a certain pasture there are three times as many
horses as cows, and 20 gheep. In all there are 100 ani-
mals. How many cows are there ? How many horses ?

Suggestion.—The equation is @+ 8+ 20=100-
Subtracting 20 from each member, o+4-8= 80.
Uniting the terms of the first member, 4z= 80.
Dividing each member by 4, o= 20.

Hence there were 20 cows; and, as there were three times as
many horses as cows, there were 60 horses.

NoTE.—Observe that, after we have made the equation, we
want to gut it into such a form that z shall stand alone in the first
member, and then it will tell what the value of z is. Thus, z=20
says that z is 20, which is just what we wanted to know.

Again, when we had z+82+20=100, in order to have z alone in
t_he first member, we subtracted the 20 from this member. Can
you tell why we subtracted it from the second member also? If
we had subtracted the 20 from the first member only, would the
equation have been true afterwards? Which member would have
been the larger? How much? How then could we make it true ?

Once more, when we had 42=80, can you tell why we divided
the first member by 4? Why the second ?

9. In a basket of 60 apples there are 4 times as many
red apples as yellow, and 10 green apples. How many
yellow apples are there ? How many red ?
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10. John and James together have 75 cents. James
has 25 cents less than John. How many cents has
John?

Suggestion.—Let z represent the number of cents which
John has. Then, as James has 25 cents less, #—25 will represent
what he has. But both together have 75 cents. Hence the equa-
tion is z+z—R5="T5.

Now, if we drop the —25 from the first member, we ma.ke this
member 25 greater than it now is, 1. e., 24z is 25 greater than
z+2—25. Therefore, if we add 25 to the second member, making
it 100, the members will still be equal.

This gives z+2=100,

or, 2=100.

Hence 2= 050, the number of cents which
John has.

11. A merchant has 90 yards of cloth in two pieces.
The longer piece lacks ten yards of containing 3 times
as much as the shorter. How much in each piece ?

Suggestion.—The equation is z+3z—10=90. Wlmt do we
want to stand alone in the first member? If we drop —10 from
the first member, does that member become more or less? What
then must we do to the second member? Why?

12. Divide the number 50 into two parts so that one
part shall lack 10 of being 5 times the other.

Suggestion.—The parts are represented by @, and 5z—10,
They are 10 and 40.

13. Divide the number 50 into 3 parts, such that the
second shall be 5 more, and the third 15 less than the

first.

Suggestion.—The equation is -+ + 5+2—15=50. The parta
are 20, 25, and &. .
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14. There are 52 animals in a field. Twice the num-
ber of cows + 11 is the number of sheep, and 3 times
the number of cows — 13 is the number of horses. How
many of each kind ?

Ans., 9 cows, 29 sheep, and 14 horses.

15. A man said of his age,

“If to my age there added be

Its half, its third, and three times three,

Six score and ten the sum will be;

What is my age? Pray show it me.”

Suggestion.—The equation is
z z
e+z+gt 9 = 180.

Subtracting 9 from each member

* 2
z+§+§_l2l.

Now, we can get rid of the fractions in the first member by
multiplying it by 6, the productof both the denominators. Thus,
6 times the first memberis 62+ 8¢+22. Then, if we also multiply
the second member by 6, the products will be equal. For if two
quantities are equal,* 6 times one of them is equal to 6 times the
other. Hence we have 6r-+3z-+2z=726.

Uniting terms, 112=1726.
Dividing by 11, z= 66.

16. Mary gave half her books to Jane, and one-third
of them to Helen, when she had but twoleft. How many
had she at first ?

Snggestion.—Let z repreaeht the number of books Mary had

*In th:s case the two quantities are the two members.
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at first. Then she gave Jane g, and Helen ;—’ books. And what

she gave the other girls, added to what she had left, makes all she
had in the first place. Hence the equation is

z =z
g +§+2—Z.

Multiplying each member by 6, 8¢+ 2z +12=0x

Subtracting 52 from each member, 12=2, or z=12.

That is, Mary had 12 books &t first. Pupil give the the reasons.
Thus, why multiply the first member by 6? Why the second ?
‘Why subtract 5z from the first member? Why from the second ?

17. A boy lost 25 cents of some money which his uncle
gave him, and gave half he had left to his brother. He
then earned 50 cents, when he had just as much as his
uncle gave him. How much did his uncle give him ?

Suggestion.—Iet z=* the number of cents his uncle gave
him, Then hehad —25 cents after losing 25 cents. After giving

away half of this, he had the other half, or “"225

He then earned 50 cents, and the amount he had was equal to
whaat his uncle gave him,

cents, left.

Hence the equation is ¢—25+ 50= =z.
Multiplying each member by 2, (Why ?) z—25+100=2z.
Uniting, —25 +100 makes 75, and z+75=22.
Subtracting z from each member, (Why 1) =23, or 2=175.

NoTE.—The pupil must not think that because these examples
are so simple that he can ¢ do them in hishead ” without anyalge-
bia, and may be with less work, that therefore algebra is a very
clumsy method of solving examples. He will find by and by, that
though the equation doesnot really help any in the solution of such
simple questions, it will solve a great many very difficult ones about
which he might puzzle his brains a great while to no purpose, if

* The sign of equality used in this way means the same as the
word “ represent.”
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algebra did not come to his aid. Stick to it, then, and learn how
to use this new instrument, the Eguation, and you will by and by
find it wonderfully useful. Itis a grand patent for solving prob-
lems.

N. B.—Be careful to give the reason for everything you do te
sach member of an egquation.

18. A boy, beingasked how many marbles he had, said,
“If T had five more than I have, half the number sub-
tracted from 30 would leave twice as many as I now
have.” How many marbles had Le?

Suggestions.—Letting z represent the number of marbles the
boy had, the equation is .

30——2—'=2¢.

Now there is a little peculiarity about this equation, which the
pupil must be careful to notice whenever it occurs, or he will make
& great many mistakes. It is this : When we multiply both mem-
bers by 2, to get rid of the fraction, we must write 60—z—5=4z.
The mistake would be to write 60—z +5=4x. The explanation is,
that the — sign before a_:%_5 shows that it is to be subtracted
from 80, hence the signs of the terms compoging it, viz., z and 5,
must be changed, according to the rule for subtraction. But the
pupil may think that we do not change the sign of the z. If he

does he mistakes. The — sign before the fraction 2+5 does not

2
belong to the z, but to the fraction as a whole. The sign of z in
the fraction —?;——5 is +, since when no sign is expressed + is

understood. What then becomes of the — sign before the frac.
tion, if it is not the same as the sign of & in the equation 60—z—
5=42? It has been dropped, since the thing signified by it has
been performed, and the — sign before the z, in 60—2—35, is the
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sign of that term in the original equation changed. The boy had
11 marbles.

19. What is the value of z in the equation 3z—

2—-2z
—_ °
3 =21}

Suggestion.—Multiplying each member by 8, we have 9z—2
+22=64. Hence z=86.

20. Two boys were to divide 32 marbles between them
8o that § of what one had should be 5 less than what the
other had. How many was each to have?

Suggestion.—Letting 2 = what one had,

then 82—z = what the other had.
The equation is g—+5=82—z, -
or 8%0:_{_5:%

Query.—Why will either equation answer the purpose

21. What number is that to which if 7 be added, half
the sum will exceed } of the remainder of the number
after 3 has been subtracted, by 8?

z+7 z-8
) —T._S. Hence z=18.

22. The sum of two numbers is sixteen, and the less
number divided by three is equal to the greater divided
by five. What are the numbers?

Equation,

Suggestion. —Let z and 16—z represent the numbers.

23. Divide twenty-two dollars between A and B, so that
if cue dollar be taken from tkree-fourths of B's share, and
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three dollars be added to ome-half of A’s money, the
sums shall bg equal. How many dollars will each have?
Ans., A will have $10, and B $12.

24. The sum of two numbers is thirty-three. If one-
sixth of the greater be subtracted from two-thirds of the
less number, the remainder will be seven. What are the
numbers ?

25, The sum of A’s and B’s money is thirty-six dollars,
If five-eighths of B’s, less two dollars, be taken from
three-fourths of A’s, the difference will be seven dol-
lars. How many dollars has each?

26. The difference between two numbers is twenty-five ;
and if twice the less be taken from three times the greater,
the remainder will be eighty? What are the numbers ?

27. A and B gain money in trade, but A receives ten
dollars less than B. If A’s share be subtracted from
twice B’s, the remainder will be fifty-seven dollars. How
much money did each receive ?

28. One number is four léss than another, and if twice
the less be subtracted from five times the greater, the
remainder will be thirty-eight. What are the numbers ?

29, Two farms belong to A and B. A has twenty acres
less than B. If twice the number of acres in A’s farm
be taken from three times the number in B’s, the re-
mainder will be one bundred. How many acres has .
each?

30. One number is seven less than another, and if three

times the less be taken from four times the greater, the
5
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remainder will be six times the difference between the
two numbers. What are the numbers? |,

31. Anna is four years younger than Mary. If twice
Anna’s age be taken from five times Mary’s, the remain-
der will be thirty-five years. What is the age of each ?

32. One number is ten less than another. If three
times the less be taken from five times the greater, the
remainder will be seven times the difference of the two
numbers. What are the numbers?

XV,

83. We have seen in the preceding Section what an
Equation is, and how it is used in solving problems. We
have also seen that the solation of a problem by an equa-
tion consists of two parts, 1st, making the equation, and
2d, so changing the equation that the unknown quantity
shall stand alone in one member, the other member being
all known quantities. The first part is called the State-
ment of the problem, and the second part is called the
Solution of the Equation. We propose in this sec-
tion to give attention to the Solution of Equations. 1t
will be but a formal statement of what has been taught
in the preceding section, with examples for practice
You have seen that after getting the statement in an
equation we have to change the form of the equation

ey
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very much before we get the answer, or value of the un-
known quantity. Thus in Ex. 17, page 94, we had
z—25

2
z—25+100=2z; then this to z+75=2z; then this to
5=z, or z=15. 'These changes are called Transforma-
tions.

+50=w, at the first. Then we changed it to

84. To Transform an Equation is to changeits form
withouwt destroying the equality of the members.

85. There are four principal transformations of sim-
ple equations containing one unknrnown quantity,
viz. : Clearing of Fractions, Transposition, Collecting Termas,
and Dividing by the co-eficient of the unknown quantity.

86. These transformations are all based on two simple
principles called azioms.

87. An Axiom is a proposition which states a princi-
ple that is so simple, elementary and evident, as to
require no proof.

Aaxioms.

AxtoM 1. Any operation may be performed upon any
term or upon either member, which does not affect the
value of that term or member, without destroying the
Equation.

AxioM 2. If both members of an Equation are increased
or diminished alike, the equality is not destrayed.

We shall now proceed to consider formally these several

- transformations.
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FIRST TRANSFORMATION.
To Clear an Equation of Fractions.

88, RULE.—Multiply both members by the least or
lowest common multiple of all the denominators.

DeyM.—This process clears the Equation of fractions, since, in
the process of multiplying any particular fractional term, its de-
nominator is one of the factors of the L. C. M. by which we are
multiplying ; hence dropping the denominator multiplies by this
factor, and then this product (the numerator) is multiplied by the
other factor of the L. C. M.

This process does not destroy the Equation, since both members
are increased or diminished alike.

1. Clear the equation 3 +:_;_%=___3z;26 of frac-
tions.

MODEL SOLUTION.*

OPERATION.—The equation is 8+ ;—g =ﬁgﬂ3 . Multiplying

both members by 6 I have 18+2z—2z=92x—78. 1 multiply by 6
because 6 being the L. C. M. of all the denominators, I can drop
the denominator of each fraction when I multiply. Thus to mul-

tiply g by 6, I multiply by the factorsof 6,8 and 2. To multiply
; by 8 I drop its denominator (69), and then multiply this result,
z, by 2, and have 2z. To multiply — %’l
its denominator. Thus 6 times the first member is 18+2r—z.

by 6 I have only to drop

* These Model Solutions are designed as specimens of the explana- '
tions which should be given by the pupil after he has solved the
example on the blackboard. Be sure of the Why, as well as
How.
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Now, as I have multiplied the first member by 6, I must multiply
the second by 6, according to AX1oM 2, in order to keep the mem.

bers equal. To multiply 3—2—_216 by 6, I multiply by 2 and 3, the

factors of 6. I multiply by 2 by drupping the denominator 2 (69)
and then multiply this result, 32—26, by 8, obtaining 9z—78.
Hence the equation cleared of fractions 1 18+2z—2=9z—"18.

Ex. 2—5. Clear the following of fractions, being care-
ful to explain the process and give the reason for each
step as in the Model Solution above:

z 3z
2. i+24—§'
z =z z
3. —2-+§-—15—z.
z—5 84—z
4. 1 +6z= 5"
5. ’%;Ll+“%*—2=16 —”2’3. Seo Ex. 18, page 95:

89. Whenever in clearing an equation of fractions,
the denominator of a fraction having a polynomial
numerator, and preceded by the — sign, is dropped,
the signs of all the terms of the numerator must be
changed.*

Ex. 6—9. Clear the following of fractions, being care-
ful to notice the application of (89), giving the reason
for the change of signs as in Ex. 18, page 95:

* This is really the case when the numerator is a monomial as
well. Thus in Ex. 8, when we multiply 13-{ by 12, we may

properly consider the z, as +, and when we write 156—3z, con-
sider the —3z as three times the numerator with its sign changed.



102 INTRODUCTION TO ALGEBRA.

122+ 26 _ z+3
6. —5——2:1:_15— 3

" 3z+4 Vr—3_2—16
b 2 ~ 4 °

3z—5 Rx—4
8. z 3 =12 3

19—z 11—z ‘
=z 4

9.2 3"

Query.—Should you change the gigns of the numerator of
11—z
8

member were o —

when you drop its denominator? Why? If the second 1

would you change the signs of both 11

8 b
and z? What is the sign of 11inz+L3“",mdm,_L;", 3
Answer. It is + in both cases.
. z  R+z %
10. Clear of fractions = + —5— = a2 — =.
€ actions z + 3b 2 2b

Suggestion.—The multiplier is 6ab. The equation cleared
of fractions is 6bz + 4a® + 2ar=6abz—3ax.

11. Clear of fractions z + a_?x =b— dcx. ' *

12. Clear of fractions b¢c — a_:_ =—d— ;-:

. z
13. Clear of fractions g 3 P

Suggestion.—The L. C. M. is 84*—8)*. The equation, when
cleared, is 3az+3bz + a’—a*z—ad® + b*z=3a’b—3ab’, !
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SECOND TRANSFORMATION.,
To Transpose a Term.

90. Transposing @ term is changing it from one
member of the equation to the other without de-
stroying the equality of the memobers.

91. RULE.—To transpose a term, drop it from the
member in which it stands and insert it in the other
member with the sign changed.

DeM.—If the term to be transposed is +, dropping it from one
member diminishes that member by the amount of the term, and
writing it with the — sign in the other member, takes its amount
from that member; hence both members are diminished alike,
and the equality is not destroyed. (Repeat AxIOM 2.)

2nd.—If the term to be transposed is —, dropping it increases
the member from which it is dropped, and writing it in the other
member with the + sign tncreases that member by the same
amount ; and hence the equality is preserved. (Repeat AxioM 2.)

Ex. 1. Given 5z+4+32z—3=13—2z to transpose, 80
that all the terms containing the unknown quantity, z,
shall stand in the first member, and the known terms
in the second.

MopEL SOLUTION.

OPERATION. 5z+4+32—3=13—2x,
52+ 8z+22=13—4+8.

EXPUANATION.—Dropping 4 from the first member diminishes
that member by 4 ; hence to preserve the equality, I subtract 4
from the second member, or indicate the subtraction by writing it
in the second member with the — sign. Thus the term 4 is trans-

posed.

Dropping —38 from the first member increases that member by
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8; and hence to preserve the equality I add 8 to the second mem-
ber. Thus the term —3 is transposed.

Dropping—2z from the second member tncreases that member by
2z, hence I increase the first member by adding 2z to it, and thus
preserve the equality.

I have thus arranged the terms so that all those containing the
unknown quantity stand in the first member, and all known terms
in the second member ; and yet I have preserved the equality.
This is called transposition.

Ex. 2—14. The following exercises are the equations
under the preceding transformation, cleared of fractions.
Carry forward the work of reducing them by transposi-
tion, 4. e., put them in such forms that only unknown
terms shall be in the first member, and only known
terms in the second.

R 18+ 2z—z2=92-"78.

. £+ 96=062.
. 6z+42x=156—32.

[ B -

. 52—25+1202=1136 —42.
6. 62+ 6+42+8=192—3z—9.
7. 36z + 78 —302=225—5x—15.
8. 122 +16—"70x 4 30=>5z~—80.
9. 62—9z+15="2—4x+8.

10. 57—3z=62+ 2 —2x.

11. 6bz+4a® + 2ax=6abx—3az.

Suggestion.—When the proper transpositions have been
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effected, all the terms will be in the first member except 4a%
Why ?

12. cx +ax=bc—dz.
13. bex—ab=—dz—1.
14. 3ax+3bz+ad —atz—ab® + b2x=3a2b—3abs.

Query.—Which terms will be in the first member? Which in
the second? Why?

THIRD TRANSFORMATION.

Collecting Terms.

92, This transformation is so simple as to need little
explanation. Thuws, when we have
6z+42—92="T72+8-—-15

that we may add 62+ 4x—92 and call the first member 2
is evident from the first axiom, since this transformation
does not change the value of this member. In like man-
ner 72 +8—15 is the same as 65, so that if the equation
6z +42—9r="2+8—15 is true (7. ¢, if the members are
equal), =65 is true, for the members of the latter have
the same value as those of the former.

Ex. 1-4. Collect the terms in the follpwing, and give
the reason why the equation is not destroyed : *

* We often hear about “changing the palue of an equation,”
‘“ dividing an equation,” etc., expressions which are grossly erron-
eous. An equation is not & quantity—is not a thing which can be
said to have value, be multiplied or divided. The members are
quantities, and these can be multiplied, divided, etc.” Instead of -
“ changing the value of the equation,” the thing meant 1s “de
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1. 6z—3%z+3z=57—22.

2 6zx+4z+3x=192—9—6—8.
3. 102z—12z+52=16+ 30 +80.
4. cz+dz=bc—ab.

Suggestion, cz+dr can be added with reference to z (see
87), and becomes (¢ + d)z; and, in like manmer bc—ab can be
added with reference to b, becoming ¥c—a). Hence we have
(c+adr=blc—a).

5. Collect the terms of 2a2z—z=a? +ad.
Result, (2a® —1)z=a*(1+a).

6. Collect the terms of z+ cx=atc—a%b+ast.

7. Collect the terms of a®x 4 2abz + b2z=a% —2ab + b3.
The result should be written (e + 5)2z=(a—b)3.

FOURTH TRANSFORMATION.

Dividing by the Co-efficient of the Unknown Quantity.

93. This also 18 a simple operation, and needs little
attention. If we have 4x=52, we can divide 4z by 4,
obtaining z, and preserve the equality of the members
by dividing 52 by 4 also. Hence, if 42=>52, =13, since

stroying the equality of the members.” Thus, when we multiply
the members of an equation, it is absurd to say we have multiplied
the equation, for the reason given above, and it is equally absurd
to may that it does not change the oalue of the equation. We have
changed the value of the terms and members—the only things
which have value, but we have so clmn—ged them a8 not to destroy
the equation, 1.¢., the equality between the members.
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z is } of 42, and 13 is } of 52. That this transformation
floes not destroy the equation is evident from Axiom 2.

Ex. 1—4. Divide both members of the following by
the coefficients of the unknown quantity: '

1. 7x=35. 3. 63z=126.
2. 13z=169. 4. (c+b)z=0b(c—a).

. _b(c—a)
Result in last, x= PRk

Ex. 5—7. Divide both members of the following by
the co-efficient of the unknown quantity :

5. (2a® —1)z=0a*(1 +a).
6. 1+c)z=a(c—d+1).
7. (a+b)3z=(a—0)%.

94. It frequently happens that we wish to change the
signs of the terms of one member of an equation.
This can be done if we change the signsof the terms
of the other member also.

1. Change the signs of all the terms of —6z+9z
—4x=—"72—18+15, and show that it does not destroy
the equation.

Suggestion.—The equation, with its signs changed, is 62—9z
+42=72+18—15. This can be obtained from —6z+9z—4z=—T2
—18+-15 by multiplying, or dividing, both members of the latter
by —1. Hence if —6z+49z—4c=—T2—18+15, 62—92+42="T3
+18—15, according to AXIOM 2,
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Ex. 2—7. Change the signs in the following, and
give the reason why the equation is not destroyed
thereby :

2. —4x=-—20, 5, —z=-="0.
3. —2x—32=-—="0+10. 6. —z=10.
4. Yz—12x=—100. 7. —(a—b)x=—(a®—0?%).

Suggestion.—In —(a—b)x=—(a*—b?) we must remember that
(a—1), and (a*—"?*), being in parentheses,are to be treated as single
quantities (34). Hence the equation, with its signs changed, is
(a—bdyr=a*—b".

8. Change the signs of (—1+a)z = a(c—b).
Result, (1—a)z = a(db—c).

9. Change the gigns of —(—a+b)z = +2Z
Result, (b—a)z = ;%

=) E C TI 0 N o
XVLI.
95. To Solve an Equation is to find the value of the
unknown quantity : that is, to find what value it
must have in order that the equation be true.

ILL.—In the equation 4r—2=2r+4, if we call z, 8, the first
member is 10, and as the second is also 10 for this value of z, the
equation is true. But if we try any (or every) other number than
8 fox @, we shall find that tue equation will not be true. Thua

-
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trying 4 for 2, we find the first member 14 and the second 12 ; and
the equation is not true. Again, try 5. The first member be.
comes 18 and the second 14, and the equation is not true.

Let the student see if he can ascertain by snspection what is the
value of z in the following :

z+3=8z+1.

Though this equation is very simple, it is probable that it will
take the student some time to guess out the value of 3 which
makes it true. Thus, 2 makes the first member 5 and the second
7 ; and the equation is not true for this value. If he tries 3 the
result is worse than before. But 1 makes each member 4, and for
this value of = the equation is true, and for no other.

Bat, if it is so difficult to hit upon just the value of z which is
required to make so simple an equation true, the task would be
quite hopeless in such an one as :

8z—1 13—z Tz 11(z+8)
5 T2 T87 76 -

Yet we have seen that there is a very simple method of solving
any such equation, soas to tell certainly and easily what the value
of zis. This process is called Solving the Equation, or sometimes,
the Resolution of the Equation. Familiarity with it is very im-
portant, and facility can be acquired only by practice.

96. One thing must be fixed in the pupil’s mind at
the outset, viz., that he can make but two classes of
changes upon an equation : Such as do not affect
the value of the members, or such as affect both
members equally. Every operation must be seen to
conform to these conditions.

To Solve a Stmple Equation with one Unknown
Quantity.

97. RULE.—L If the equation contains fractions,
clear it of them by Art. 88.
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2. Transpose all the terms involving the unxnown
quantity to the first member, and the knrwn terms
to the second member by Art. 90.

3. Unite all the terms containing the unknown
quantity into one by addition, and put the second
member into its simplest form.

4. Divide both members by the co-efficient of the un-
known quantity.

DrM.—The first step, clearing of fractions, does not destroy the
equation, since both members are multiplied by the same quantity
(AxIoM 2).

The second step does not destroy the equation, since it is adding
the same quantity to both members, or subtracting the same quan-
tity from both members (Ax1oM 2).

The third step does not destroy the equation, since it does not
change the value of the members (Ax1oM 1).

The fourth step does not destroy the equation, since it is divid-
ing both members by the same quantity, and thus changes the
members alike (AXIoM 2).

Hence, after these several processes, we still have a true equa-
tion. But now the first member is simply the unknown quantity,
and the second member is all known. Thus we have what the un-
known quantity is equal to; 1. e., tts value.

. z+1 3z—4 1 _6z47
1. Solve the equation s+t tg=—g

MODEL SOLUTION.

1 8z—4 1 6247
OmAnox.*—(l)-...’f;—+_5__+§= ;-

®)---- 202+ 20 + 242—32 + 5=380z + 85,
@)---- 202+ 24— 302=35—20+32—5,
4---- 14z=42,

G)---- z=8.

# This is a sample of what is to be written on the black-board,

—a

s
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EXPLANATION.*—I first clear equation (1) of fractions by multi-
plying both members by the L. C. M. of its denominators, which
is 40. This does not destroy the equation (AxroM 2). I multiply
’%1 by 40 by dropping its denominator 2, thus getting z+1, as
the result of multiplying by 2, and then multiply z+1 by 20,
getting 20z+20. [In like manner explain the entire process of
clearing of fractions.]

Having cleared the equation of fractions I have (2). I now
transpose the terms containing # to the first member and the
known terms to the second member. Thus, dropping 80z from
the second member diminishes it by that amount, whence to pre-

-gerve the equality of the members I subtract 80z from the first

member, §. 6., Write it in that member with its sign changed. [In
like manner explain the transposition of each term.] )

I know equation (8) to be true, since I have changed both mem-
bers alike, that is, have added to and subtracted from both mem-
bers the same quantities. I now add together the terms of the
first member, whick does not affect the value of the member, and
have 14z. In the same manner uniting the terms of the second
member does not alter its value ; hence 142=42. Finally, I di-
vide both members by 14 and have =38. This operation does not
destroy the equation, gince both members of the equality 14r=43
are divided by the same number (Ax10M 2). Hence 8 is the value
of z.

Ex. 2—5. Solve the following equations:

z @ z

2.§+§——13—I. =12,
z—5 284 —2

3. e +62= 5" 2=9.
x 3z

4, Z+23—-2—. 2—18*.

* This is a sample of what is to be given by the pupil when he
explains the work on the black-board.
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6z—10 _18—4z

5 3 3 +2. r=4.

Suggestion.—Let us pat 4 in the place of 2 in the last equs

tion, and see if it makes the members equal. Thus 6x4:;-10
24—10 14 18—4 —_
Is —5—, or 3. Agsin,—a—’f}.;.4 inEs—m-+4, or 4%

Hence, 4, when put for 2, makes the equation }#=43%, which is
evidently true.

98. Putting one quantity in the place of another,
as the 4 for the x in this suggestion, is called Sub-
stituting.

99. An equation i3 said to be Satisfied for a value of
the unknown quantity which makes it a true equa-
tion : i. e., which makes its members equal.

100. To Verify an equation is to substitute the sup-
posed value of the unknown quantity, and seeif it
satisfies the equation. Verification is a kind of
proof of the correctness of the result obtained in
such examples as these.

Ex. 6—26. Solve the following equations, and verify
on the values obtained : )

6. 24+7+ 23.’1: +3=24.

. 2:1:+—2§+9=25.

z 8z
8. 2x+§—- 3—7'}.
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x—-t—l——16=:-cﬂ—ﬂ. (See 89.)

9'3 5 3

21-3z 2(2z+3) . bzx+1
10. 3 -— 9 =6— ya
_4z+2

5

11. = =3z—1¢.
3z+4 Tz—3_2z—16

12.5 3 =1 °

13, Z_2_5@+2)

2 3 8

z+1 z+3_z+4
W St =T t1e

4(z+2) 3z+1_

15. 5 3 =1.

- a*(14+a)

2y p—n® 48 =4\ .ra)

16. Solve 2a%z—2=a%+a3. T=S T
2(p—

=2 (c—b+1)

2 —adc— s,
17. Solve a*b+z=atc—cr+a P |

18. Solve ab+cx=bc + b=.

a b ac+ b2
— z

19. Solve — + —=d.
bx cx

i
g

20. Solve 3x—a=z-—bx3—d.
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z—b _ac+c®—b
21. Solve az—c= +0 —m .

2 3z
22. Solve 3—+3z_ 72:——5 .

Suggestion.—Observe that if each member is divided by z,
there will be no term containing an z*.

32: e 23—10z

23 Sol 5 ————g—- a:=10-|1.-.
24. Solve §ax* +}x=x+LF.

3x2 _Rz—4 32%+41
25. Solve -—2——+5——7——+ 7"

Suggestion.—Observe that the terms containing #* destroy
each other in the process.

a(c® +2*%) ax ¢

26. Solve =ab+ - ==,

.wuunonuuuuu unuawlvt,owl_‘l
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XVIl.
APPLICATIONS.

101. We saw in Section XIV. how practical problems are
solved by means of the equation. Having, in Sections
XV. and XVI, attempted to gain a better acquaint-
ance with this wonderful instrument—this patent for
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solving problems—the equation, we shall now resume the
study of the solution of problems.

102. The Algebraic Solution of a problem consists of
two parts :

1st. The Statement, which consists in expressing by
one or more equations the conditions of the prob-
lem.

2d. The Solution of these equations so as to find thu
values of the unknown quantities in known ones.
This process has been explained in the case of Sim-
ple Equations, in the preceding Sections.

103. The Statement of a problem requires some knowl-
edge of the subject about which the question is asked.
Often it requires a great deal of this kind of knowledge
in order to *“state a problem.” This is not Algebra; but
it is knowledge which it is more or less important to have
according to the nature of the subject.

104. Directions to guide the Student in the State-
ment of Problems.

1st. Study the meaning of the problem, so that, if you kad the
answer given, you could prove tt, noticing carefully just what oper.
ations you would have to perform upon the answer in proving.
This is called, Discovering the relations between the quantities tn-
volved,.

2d. Represent the unknown (required) quantities (the answer) by
some one or more of the final letters of the alphabet, as z, y, 2,
or w, and the known quantities by the other letters, or, as given in
the problem.

3d. Lastly, by combining the quantities involved, both known and
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unknown, according to the conditions given in the problem (as you
would to prove it, if the answer were known) express these rela-
lations in the formn of an equation.

1. Anna is three years younger than Eliza, and Eliza
is seven years older than Lucy. Thesum of their ages is
seventeen. How old is each ?

STATEMENT.—AS the inquiry is concerning the ages of Anna,
Eliza, and Lucy, we may represent either’s age by 2. For exam-
ple if Anna’s age is z, since Eliza is 8 years older than Anna, Eliza’s
age will be 2+ 8 ; and as Eliza is 7 years older than Lucy, 2+3—7
is Lucy’s age. Thus we have

Anna’s age = 2,
Eliza’s age =2 + 8,
and Lucy’s age =2 +8 —17.
But the problem states that the sum of their ages is 17; hence

z+2z4+8+2+8-7=17,
s the equation,

SoLUTION.—With this the student is sufficiently familiar. z
Anna’s age, is found to be 6; 2+3, Eliza’s age, is 9; and 2+8-71,
Lucy’s age, is 2.

2. If you give twenty-four cents more to James, he
will have five times ag many as he now has. How many
has he? :

3. What number must be added to itself and to seven
more, that the sum may be three times that number?
Ans., 7.

4. When George shall be thirty years older, his age
will be four times as much as it is now. What is his

age?

K,
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5. A man can shingle one-fourth of the roof of a
house in one day, and a boy can shingle one-twelfth of

it in a day. How many days will it take for both, work.
ing together, to shingle the roof?

Suggestion.—Let z represent the required number of days,

Then, as the man does } of it in one day, he does z times § or ;-

Z in the time. But as they do once

inz days. Bo the boy does i

the work, 2 + E‘i =1,
6. How many times the sumof one-third, one-seventh,
and one-twenty-first, does it take to make a whoe one ?

Suggestion.—We have z(1+1}+7)=1, which may be put

into the form §+;+%=1; or, better, 1;—:’:1.

7. One man can do one-third of a given piece of work
in one day; another can do one-eighth of the same work
in a day; and a boy can do one-twenty-fourth of it in
the same time. How many days will it take the three,
working together, to get it done?

8. A boy ate one-fourth of his plums, and gave away
one-fifth of them. The difference between what he ate
and what he gave away was three. How many had he ?
and how many did he give away?  Ans., He had 60.

9. If three-eighths of some number be taken from
three-fourths of the same number, the remainder will be
gix. What is the number ?

10. If from half of a man’s money one-seventh of his
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money be taken, the difference will be fifteen dollars.
How many dollars has he?

11. The difference between three-fourths and five-sixths
of the same number is nine. What is the number?

12. A man owned seven-tenths of a flock of sheep.
After selling two-fifths of the whole flock, he had thirty
sheep still belonging to him. How many sheep were in
the flock before the sale ? Ans., 100,

13. Divide seventeen into two such parts, that twice
one part shall be eight less than five times the other.
What are the numbers ?

14. A farm containing twenty-six acres, belongs to two
men. Three times A’s part is six acres less than four
times B’s part. How many acres has each?

15. Divide twenty-five into two such parts, that three
times one part shall be three more than five times the
other. What are the parts ? Ans., 16 and 9.

16. A boy, after spending a part of his money, found
he had remaining three times as much as he had spent.
He had twelve cents at first. How much did he spend?

and how much was left ?

17. A man had thirty-two sheen. After selling a part
of his flock, he found the remainder was four less than
twice the number he sold. How many did he gell? and
how many were left ?

18. Divide twenty-eight into two such parts, that, if
one-fourth of the greater be taken from the whole num-

2 ’

j--w‘r—vﬂ
-
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ber, the difference will be twice the less number. What
will the parts be ?

19. A cow and sheep cost thirty dollars. If the cost
of the cow be taken from twice the cost of both, the
remainder will be seven times the cost of the sheep.
What was the cost of each ?

Ans., Cow 825, Sheep $5.

20. Divide thirty-two into two such parts, that if four-
fifths of the greater be taken from twice the whole num-
ber, the remainder will be four times the less number,
What are the parts ?

21. A man and boy received thirteen dollars for a week’s
labor. If two-thirds of what the man received be taken
from twice the sum that both had, the difference will be
five times the money which the boy received. How
many dollars had each ?

22. The garrison of a certain town consists of 125 men,
partly cavalry and partly infuntry. The monthly pay of
a cavalry man is $20, and that of an infantry man is
$15; and the whole garrison receives $2,050 a month.
What is the number of cavalry, and what of in-
fantry ?

23. A gentleman is now 40 years old, and his son is
9 years old. In how many years, if they both live, will
the father be only twice as old as his son ?

24. A farmer wishes to mix rye worth 72 cents a bushel,
with oats worth 45 cents a bushel, so that he may have
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100 bushels worth 54 cents a bushel. How many bushel
of each sort must he take?
Ans., 33} of rye, and 66§ of oats.

25. In a mixture of copper, tin, and lead ; 16 pounds
less than § was copper, 12 pounds less than { was tin, and
4 pounds more than } was lead. What was the weight
of the whole mixture; and also of each kind ?

Ans., 288lb. ; and also 1281b., 841b., and 761b.

26. Of a piece of metal, § plus 24 ounces is brass, and
§ minus 42 ounces is copper. What is the weight of the
piece ? )

27. Divide $183 between two men, so that 4 of what
the first receives, ghall be equal to {4 of what the second
receives. What will be the share of each ?

Ans., $63, and $120.

28. A gentleman invested § of his property in a canal.
When he sold out, he lost § of the sum invested, receiv-
ing only $1,446. What was the value of his property
when he began ? Ans., $11,568.

29. A gentleman leaves $315 to be divided among four
gervants in the following manner: B is to receive as
much as A, and } as much more; C is to receive as
much as A and B, and § as much more; D is to receive
as much as the other three, and } as much more. What

is the share of each ?

30. A man bought a horse and chaise for $341.  If §
of the price of the horse Le subtracted from twice the

\
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price of the chaise, the remainder will be the same as if
% of the price of the chaise be subtracted from three
times the price of the horse. What was the price of
each ? Ans., Chaise, $189 ; horse, 8152.

31. Divide the number 204 into two such parts, that
if $ of the less be subtracted from the greater, the re-
mainder will be equal to § of the greater subtracted from
four times the less.

105. The following examples are exactly like the preceding ex-
cept that the known or given quantities are represented by letters
instead of figures. The corresponding example in the preceding
set should be reviewed in connection with each of the following
and its answer deduced from the literal answer.

L Anha is @ years younger than Eliza, and Eliza is
b years older than Lucy. The sum of their ages is ¢
How old is each ?

Suggestion.—See Ex. 1 above. As in that,

let z=Anna’s age.
Then z+a = Eliza’s age,
and 2+ a—b = Lucy’s age.
Then 242+ a+2+a—b=c, is the equation,

Solving, 8z-+3a—b=s, or 8z=c-+b—2a,

and z = ‘ibs:&-a , Anna’s age.

c+b—2a c+b+a <y
+a= , Eliza’s age,
8 3
and m-{;a—b:f-_—tgﬂ —b= -‘:—-"-%:2—6 , Lucy’s age.
Applying these results to Ex.‘ 1 of the preceding set, 6 =8,0 =7

and ¢ = 17.

Hence z+a=

6
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e+b—2a _ 174+7—2:3

Hence 3 3 =6, Anna’s age.
c+:+a = 1l+—;i8 =9, Eliza’s age.
- —Q¢
and H—as -2 = 1—7——+§ 2 ’=2, Lucy’s age.

2. If you give a cents more to James, he will have 3
timet a8 many as he now has. How many has he?
Having obtained the answer in the literal notation, de-
duce that of Ex. 2, in the preceding set, by substituting

the values there given. Ans, b_zi )

3. What number must be added to itself and ¢ more,
that the sum may be 4 times that number ? Apply to
Ex. 3 above.

4. Make an example like Ex. 4 of the preceding set,
using a instead of the 30, and b instead of the 4 Why
is the answer to this just like the answer to Ex. 2?

5. A man can shingle one ath of the roof of a house
in one day, and a boy one dthof it in a day. How many
days will it take for both, working together, to shingle
the roof?

z

Suggestion.—One ath is expressed %. The equation is £+ 3

=1. The answer is ‘% . Apply to Ex. 5 of the preceding set.
6. How many times one mth, one nth, and one rth,
does it take to make a whole one? N

mnr
Ans.,

mr+nr4mn
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7. Make and solve an example like Ex. 7 of the pre-
ceding set, using m, n, and r, for the numbers instead of 3,
8, and 24. How is this example different from the pre-
ceding ?

8. Make and solve an example like Ex. 8 of the pre
ceding, using @, b, and ¢, instead of 4, 5, and 3.

Ans,, He had 22°

b—a’

He gave away b—%z .

9. If an %lth part* of some number be taken from

an %th part of the same number, the remainder will be
d. What is the number ? bdn
Ans., ————.
an—bm

10. Make and solve an example like the 10th of the
preceding set, using letters instead of figures.

11. Make and solve literal examples like the 11th and
12th of the preceding set. Like which of the preced-
ing are they? Why are these two alike ?

13.¢ Divide a into two such parts, that m times one
part shall be % times the other.

am an
Parts, ——, and ——.
m+n m+n

14. Make and solve literal examples like the 14th and
15th of the preceding set. Are these just alike ?

* Read ‘“ an m divided by » th part.”
1 These numbers are made to correspond with those of the pre
eeding set,




124 INTRODUCTION TO ALGKBRA.

Make other examples like those of the preceding set,
the answers to which can be found by substituting in the
enswer to this.

16. Make and solve literal examples like the 16th and
17th of the preceding set, using in the 17th, s instead of
32, a instead of 4, and # instead of 2. Are these exam-
ples exactly alike? If a=0 how will they differ?

108. Solutions with letters instead of figures are
called General Solutions, since they answer for all ex-
amples of the same kind.

18. Make and solve general examples like those from
the 18th to the 21st of the preceding,iunclusive. In each
case deduce from the literal, or general answer, the an-
swer to the particular example.

Make other particular examples, whose answers can be
deduced from these general answers.

22. The garrison of a certain town consists of s men,
partly cavalry and partly infantry. The monthly pay of
a cavalry man is $m, and that of an infantry man is
$n; and the whole garrison receives $z a month. What
is the number of cavalry, and what of infantry ?
ms—a
m—n"

a—ns
Ans., Cavalry men = infantry

Query.—If you add the two answers together what ought
they toamount to? Do they?

93. Make and solve general examples like the 23d and
24th of the preceding sci, deducing the answers of those
from the answers to these. .

>
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25. In a mixture of copper, tin, and lead, « pounds

less than —;—: was copper, b pounds less than —}‘ was tin,

and ¢ pounds more than ; waslead. What wasthe weight
of the whole mixture; and also of each kind ?
Ans,, Of the whole —"#7(@+8=0)
nr+mn+mr —mnr
nr(a+b—c)
nr+mn +mr—mnr
mr(a+5—c)
nr+mn+mr—mnr
mn(a+b—c)
nr+mn+mr—mnr

of copper

of tin ,

and of lead +e.

26. Of a piece of metal, ,711- part plus @ ounces is brass,

and %‘ part minus b ounces is copper. What is the weight

of the piece. mn(b—a)

"n+md—mn’

Ans

27. Divide 8a between two men, so that an ’? part of

what the first receives shall be equal to an g part of what

the second receives. What will be the share of each ?
A”S., anr , ams .
ms+nr ms+nr

28. Generalize the 28th to the 31st of the preceding
get, inclusive, and deduce from the general answers the
answers to the particular examples.

* Read “‘ one mth.”
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107. If we wish to compare 12 and 4 we can ask,
“12 is how much greater than 4?” or, “12 is how many
times as great as 4?7

The former inquiry is answered by giving the differ-
ence between 12 and 4, and the latter, by telling the quo-
tient of 12, divided by 4.

Comparing two numbers by telling how much the for-
mer is greater than the latter, is sometimes called giving
their Arithmetical Ratio, but more generally this method
of comparison is spoken of simply as the difference.

Comparing two numbers by telling how many fimes as
great the former is, as the latter, is called giving their
Geometrical Ratio, or simply their Ratto.

The word ratio means relation, so that when we ask
“ What is the ratio of 12 to 4?” we asgk, “ What is the
relation of 12 to 4?” As this is usually understood, we
answer it by saying that 12 is three times as great as 4,
or that the ratio of 12 to 4 is 3.

1. What is the ratioof 8 to 2?2 Of 10 to5? Of 30
to6? Of 128 to 47?

9. What is the ratio of mn to m? Of 3mertom?
Of 4m22x2 to 2mz? Of 15ax3 to 328 ?
' Answer to last, 5azx.

3. What is the ratio of 2t0 8? Ans., §.

hdanadd




GEOMETRICAL RATIO. 127

4. What is the ratioof 5to 7? Of 3 to5? Of 11
to16? Of 117t013? Of 15t0o 67 Of 24 to 66?
Answer to last, .
5. What is the ratio of a to 4? a
Am-,z.
6. What is the ratio of 8m to 2n? Of z toy? Of

11ma to 5¢y? Of a--btoc? Of a®—3* toa—b?
Amnswer to last, a+b.

7. What is the ratio of 3(a+8)®* to 2(a+8)? To
3(m+mn)?

8. What is the ratio of 15(a% +2ab+2%) to 3(a+8) ?
Ans., 5(a+ D).

108. Ratio is the relative magnitude of one quan-
tity as compared with another of the same kind,
and is expressed by the quotient arising from divid-
ing the first by the second. The first quantity named
is called the Antecedent, and the second the Consequent.
Taken togetherthey are called the Terms of the ratio,
or a Couplet. D

109. The Sign of ratio is the colon, :, the common
sign of division, +, or the fractional formof indi-
cating division.

ILL.—The ratio of 8 to 4 is expressed 8 : 4, 8-+-4, or % , 81y one

of which may be read ‘8 is to 4,” or, ““ratio of 8to4.” The ante-
cedent is 8, and the consequent 4. The sign :is an exact equiva-

lent for +. The ratio 6{ ato b is expressed a : b, a-+b, or ;, each

form meaning exactly the same thing.
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9. Express the ratio of 3m to 5n in the three differ-
ent forms?

10. Express the ratio of a—b to a+4 in the three dif-
ferent forms ?

11. Express the ratio of which 2z is the consequent,
and 5m the antecedent. Also of which ? is the anteced-
ent, and 3z the consequent.

110. What effect upon the quotient is produced by mul-
tiplying the dividend ?

By multiplying the divisor ?

By dividing the dividend?

Dividing the divisor ?

By multiplying or dividing both dividend and divisor
by the same number ?

111, Ask and answer the oorrespondmg questions with
regatd to a fraction.

112. In a ratio what corresponds to dividend or nume-

rator ?
What to the divisor or denominator?

118. A ratio being merely a fraction, or an unexe-
cuted problem in Division, of which the antecedent
is the numerator, or dividend, and the consequent
the denominator, or divisor, any changesmade wpon
the terms of a ratia produce the same effect upon its
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value, as the like changes do wpon the value of a
fraction, when made upon its corresponding terms.
The principal of these are, '

1st. If both terms are multiplied, or both divided,
by the same number, the value of the ratio is not
changed. '

2d. A ratiois muttiplied by multiplying the anteced-
ent (i.e., the numerator or dividend), or by dividing
the consequent (i. e., the denominator, or divisor).

3d. A ratio is divided by dividing the antecedent
(i. e., the numerator, or dividend), or by multiply-
ing the consequent (i. e., the denominator, or di-
visor). .

1. Multiply a : by m in two ways.
d

Results, am : b,and a : pors

2. Multiply a+b:a% —3%® by a + 5 in two wap
Also by a—b.

3. Divide 3m2y : 5nz by m in two ways.
4. Divide (a+b)2 : (¢—5)® by a—b in two ways.

5. Reduce 15m 2y : 25my?® to its lowest terms.
Result, 3m : 5y.

6. Reduce 12m?2 : 4my to its lowest terms.

7. If 8 is the antecedent and 2 the ratio, what is the
consequent ?
6%
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Having given the antecedent and the ratio, how de
you find the consequent?

What question in division is the same as this ?

8. If 6 is8 the consequent and the ratio is 5, what is

the antecedent ?

Having given the consequent and the ratio, how do you
find the antecedent ?

What question in division is the same as this?

9. What is the product of the consequent and ratio ?
If g=c, what is @ equal to?

10. Given 7 the ratio and a the antecedent, what is the
consequent ?

11. Given # the ratio and & the consequent, what is the 3
antecedent ? {

12. Which is the greater yi or & ?
How much ?

How do you compare two fractions to ascertain which
is the greater ?

13. Which is the greater ratio 7 : 11, or 8 : 13 ?

Is there any difference between this question and the
preceding ? '

14. Reduce the ratios 2 : 3, and 5 : 7 to ratios having a
common consequent,
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Reduce § and § to fractions having a common denom-
inator.

15. Which is the greater 11 : 14, or 119: 148 ?

16. What is the ratio of § to §? Of § to 4? Of

13ms* 26my
12n to 6nz ?

2w2r of
b n

17. Let = be any quantity; what is the ratio of 3z to
4z? Of 14z to 72?

18. Let y be any quantity ; what is the ratio of 5y to
6y? Of 7y to8y?

19. Let 2 be any number; what is the ratio of mz to
nz? Of ax to bz ?

20. In 3z : 52 does the value you assign to = affect the
ratio?

If =1, what is the ratio ?

If 2=5 what is the ratio? Then nay 3z:5z be
considered as representing any two numbers having the
ratio3:5°?

21. Represent any two numbers having the ratio 5: 7.
Having the ratio 9 : 11.
Having the ratio m to n.
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114. Proportion is an equality of ratios, the terms
of the ratios being expressed. The equality isindi-
cated by the ordinary sign of equality, =, or by the
double colon :: .

Thus, 8:4=6:3, or 8:4::6:3, or 8+-4=6=+3, or
%: g; all mean precisely the same thing. A propor-

tion is usually read thus: “as 8 is to 4 so is 6 to 3.”

Nore.—The pupil should practice writing a proportion in the

form‘-' still reading it “‘a is to b ascis to d.” One form

ahould be ‘:5 familiar as the other. He must accustom himself to
the thought that @ : 5 : : ¢ : @ means g=£ and nothing more. It
will be seen that the language ‘‘8 is to 4 as 6 is to 3,” means
simply that g = g , for it is an abbreviated form for saying that
“ the relation which 8 bears to 4 is the same as (is equal to) that
whsichzbe-rstoh”thstia,Sisu many times 4 as 6 is times 3,

OI'Z=E.

115. The Extremes (owtside terms) of a proportion
arethe first and fourth terms. The Means (middle

lerms) are the second and, third terms. Thus, in

a:b=c:d, s and d are the extremes, and b and o are
the means.

1.1s88:7::6: 11 a true pr
rti
Is the ﬁ‘actlon*eqmto;;:Po on? Why?
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Which is the greater? How much ?

2. Is §:4§::14:15 a true proportion? Why?
What is the ratio of § to §?

e e = e ey

3. Isa:b::ax: bx a true proportion? Why?
. 4. Is §:14:: 34 : 9 a true proportion? Why?
5. Is §:1%:: 34 : 9% a true proportion? Why?

Transformations,

. 116. As a proportion is only an equation under a par-

[ ticular form, the same axioms (87) apply to its

‘ transformations as to the transformations of an
equation.

Thusa :b :: ¢ :dis the same as g=£. Hence the ravios cor-

respond to the members of the equation, and

1st. Any operation may be performed on either or bok ratios
which does not change the value of the ratio ;

2d. Any operation may be performed on either or both ratios
which changes both ratios alike.

1. Can you multiply both antecedents by the same
number without destroying the proportion ? Why?
Try it by multiplying the antecedents of

12:6::10:5,
by 3; thus 36:6::30:5.
Are both of these proportions true ?

2. Ifa:b::c:d,isma:b::mc:d? Why?
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3. Can you multiply both terms of the same ratio by
the same number without destroying the proportion ?
Why?

Try it by multiplying both terms of the first ratio in
8:15::7:35,by 6.

4. Ifm:n::z:y,isam:an::z:y? Why?

Have you performed an operation which does not

change the value of the ratio, or one which changes both
ratios alike ?

5. Ifm:n::z:y,is %:n::g:y? Why?
Ism:an::z:ay? Why?
z.y
Ism:n::=:2? Why?
a’ a °
Ism:n::azx:by? Why?
Isam:n::z:ay? Why?
6. Try the questions in the preceding on the propor-
tion 3 : 5 :: 21 : 35, letting a=4 and 4=6.
Suggestion.—To ascertain whether two ratios are equal, re-

duce them to ratios having a common consequent and compare
their antecedents. (See Exs. 18-16, pages 180, 181.)

117, There is a very simple method by which we can
discover all the transformations which can be made in a
proportion without destroying it. Thus, if we know that

(1.) a:bi:c:d
1s a true proportion, the ratio of a to 4 is the same as the

. a o
ratioof ¢ tod. Now letz =r, then‘%: r; whence a=br,
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and ¢c=dr. Substituting these values of a and ¢, the
proportion becomes
()  br:b::dr:d.

Now, as (1) may represent any proportion, (2) also
represents any proportion, and whatever transformations
can be made on (2) without destroying the proportion
can be performed on any proportion.

1. Is the product of the extremes of a proportion
equal to the product of the means?
How do you see it from () ?

2. Is the ratio of the antecedents of a proportion equal
to the ratio of the consequents? ¢.e,is br:dr::b:d
a true proportion ?

118. A proportion is taken by Alternation when the
means are made to change places, or the extremes.

Thus a:5::c¢:d becomes by alternation either
a:c::b:d, or d:b::c:a The appositeness of the
term alfernation (taking cvery other one) is seen from
the fact that the new order is obtained by taking the
terms alternately; that is, 1st and 3d, 2d and 4th; or
4th and 2d, 3d and 1st.

3.Ifa:b::c:d,isd:b::c: aa true proportion ?

Suggestion.—Ifa :b::c:d,we have br: b :: dr : d, asabove
Then we are to ascertain whetherd :b ::dr :br. What is the
value of the first ratio? Of the second ?

4 Ifa:b::c:d,does it follow that a: d :: b : ¢?

Suggestion.—Is br : d :: b : dr necessarily true? What is the
value of the first ratio? Of the second ?
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5. Ifa:b::c:d,isd:c::b:a?

Nore.—All these inquiries are to be answered by examining

the proportion in the form br : b :: dr : d.
6. Ifa:b::c:d,isb:a::d:¢ a true proportion ?

"119. A proportion is taken by Inversion when the terms
of each ratio are written in inverse order.

Thus, if a: b :: ¢ : d, by inversion we have b : ¢ :: d : c.
It is to be observed that in inversion the means are
made extremes, and the extremes means.

7. Is 11:13 :: 44 : 52 a true proportion ?
Is it true if taken by inversion ?

8. Write a:d::¢:a first by inversion, and this re-
sult by alternation. _
Is the last form a true proportion if the first is?

9. If you invert one of the ratios of a proportion, and
do not the other, does it destroy the proportion ; i. e.,
i8 b : br :: dr: d necessarily a true proportion ?

10. Ifa:b::c:d, doesa+bd:a::c+d: ¢ follow?

Suggestion.—As above, r being the common ratio, the pro-
portion @ :b::c:d can be written br:b::dr :d. Whence we
have br+b : br :: dr+d : dr. What is the valueof the first ratiot

Of the second? Are they equal ?

120. A proportion is taken by Composition when the
sum of the terms of each ratio is compared with
either term of that ratio, the same order being ob-
served in both ratios ; or when the sum of the ante-
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cedents and the sum of' the consequents are com-
pared with either antecedent and its consequent.

Thus, if @:d::¢:d, by composition we have a+5:
a::c+d:c, ot atb:b::c+d:d,ora+c:b+d: a:b,
oratc:b+d::c:d.

11.Ifa:b::¢c:d,doesa+c:b+d:: a:d follow?
Doesa+c:b+d::c:d?
Doesa+d:b+c::a:d?

121. If the difference instead of the sum be takenin the
last definition, the proportion ig taken by Division.

12. Ifa:b::¢c:d,doesa—c:a:: b—d : b follow ?
Doesa—b:a::c—d:c?
Doesa—b:5::c—d:d?
Doesa+bd:a—b::c+d:c—d?

Suggestion.—To examine the last form we put the proportion
a:b::c:dinthe usual form br : b :: dr : d, and then examine

br+b:or=b::dr+d: dr—d.

br+b r+1 dr4.d
Now the first ratio is br—d’ or =i’ and the second is ar—a’
or :—_i—: . Hence, the ratios being equal, the proportion is true.

13. If the first term of a proportion is unknown, and
the other three known, how do you find the first? 4. e,
solve z:m :: a: n for z. '

14. If the second term of a proportion is unknown,
and the other three known, how do you find the second ?
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15. If the 4th term of a proportion is unknown, and
the other three known, how do you find the fourth ?

16. Ifa: z :: z : b, what is the value of z?

Suggestion.—Since the product of the extremes equals the
product of the means z*=ab. Then extracting the square root cf

each member (Axiom 2, 87) we have 2= Vab.

122. A Mean Proportional between two quantities is @
quantity to which either of the other two bears the
same ratio that the mean does to the other of the two.

Thus, if z is a mean proportional between @ and b,
a bears the same ratio to z that z does to b; 4. ¢,
a:z::z:b

123, A Third Proportional 2o two quantities is such a
quantity that the first is to the second as the second
is to this third (proportional).

Thus, in the last proportion, b is a third proportional
to aand z. So, also, a is a third proportional to b and z.

NoTe.—The pupil should notice carefully the language used in
the last two definitions. We do not say ‘ a mean proportional Z0,”
but “a mean proportional between,” two others. So, again, we
say “a tllil‘d proportional ¢o two others.” Moreover,it is necessary
that the two others be taken in the order named in the statement.
rl‘hus, if y is a third proportional tom and n, m: n:: n:y. But,
if y is a third proportional to n and m, n:m:: m:y. Notice
carefully the difference between the two statements.

17. Find a mean proportional between 4 and 9; 7. ¢’
solve the proportion 4 1z :: 2 : 9.

18. Find a mean proportional between a—5 and a+ 5. -

19. Find a third proportional to 4 and 6. To 6 and 4.
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Suggestion.—In one case we are tosolve 4:6::6: 2, and in
theother 6 : 4::4: 2.

20. Find a Fourth Proportional to 5, 7, and 6, in
order, 1. e, solve the proportion 5:7::6: .

21. Find a fourth proportional to 5, 6, and 7, in order.

Find a fourth proportional to 7, 6, and 5, in order.

Having given three numbers, how many different
fourth proportionals can be obtained ?

124. A Fourth Proportional to three numbers is the
fourth term of a proportion of which the three are
the 1st, 2d, and 3d in the order in which the num-~

bers are named.

Thus a fourth proportional to a, , and ¢, would be
in the proportion a:5::¢:2. To J, ¢, and a it would be
ginbd:c::a:2, ete.

1. Divide 36 into two parts which shall be to each

other as 7 to 5.
Suggestion.—Let 7z and 5z be the parts. (See Ex. 17-21,
Sec. xviii.) .

9. Divide @ into two parts which shall be to each
am an

other as m to n. Parts, man’ minm .
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3. John and George had together 80 cents. George
gave John 20 cents of his part, when they found thcir
portions in the ratio of 2 to 3. How many cents had
each at first ?

Ans., John, 28 ; George, 52.

Suggestion.—The proportion is 2—20:100—z::2: 3, or by
composition 2—20:80::2:5. Whence 5z—100=160.

4. John and George had together a cents, George
gave John & cents of his part, when they found their
portions in the ratio of m to n. How many cents had
each at first?

Ans., George, PP IMAIN - 5ohn, SRIm—0n
m+n m-+n

5. Divide 30 into 3 parts, which shall be in the ratio
of the numbers 2, 3, and 5.

6. Divide m into 3 parts, which shall be in the ratio
of the numbers «a, 3, and c.

i bm

an cem
a+b+c’ a+b+c

a+b+c’

Parts, , and

7. Four townas are situated in the order of the letters
A, B, C,D. The distance from A to D is 120 miles;
the distance from A to B is to the distance from B to C
as 3 to 5; and one-third of the distance from A to B,
added to the distance from B to C, is three times the

distance from C to D? How far are the towns apart ?
Ans., A to B, 36 miles; B to C, 60 miles; C to D

24 miles. '

8. Four places are situated in the order of the 4
letters, A, B, C, and D; the distance from A to D is 34

PP
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miles ; the distance from A to B is to the distance from
C to D,as 2 to 3; and § the distance from A to B, added
to § the distance from C to D, is 3 times the distance
from B to C. Required the respective distances.

Distances, A to B, 12; B to C, 4; and C to D, 18 miles.

9.. Divide the number 50 into two such parts that
the greater increased by 5, may be to the less diminished
by 5, as 7 to 3.

10. A footman started from a certain place, and trav-
eled 4 miles an hour. After he had been gone 3 hours,
a horseman started in pursuit, riding 7 miles an hour.
How long before the horseman would overtake the foot-
man ? How far from. the starting-place would the foot-
man be overtaken ?

Suggestinn.—How many miles would the horseman gain on
the footman each hour? How many miles had he to gain before
overtaking him. The proportion is

8:12::1:2,
2 being the time required to overtake the footman.

11. The bour and minute hands of a clock are exactly
together at 12 M. When are they next together ?

Suggestion.—Measuring the dis-
tance around the dial by the hour °
spaces, the whole distance around is
12 spaces. Now, when the hour hand
gets to 1, the minute hand has gone
clear around, or over 12 spaces. But
as the hour hand has gone one space,
the minute hand has gained only 11
spaces. Now as the minute hand
must gain an entire round, or 12
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spaces, to overtake the hour hand, we have the question : If the
minute hand gains 11 spaces in 1 hour, how long will it take to
gain 12 spaces? .-. 11:12 ::1 hour : z hours; and =1+ hours,
or 1 hour 5 minutes.

12. At what time between 3 and 4 o’clock does the
minute hand pass the hour hand?

Suggestion.—Reckoning from 12 o’clock, when the hands are
together, how many spaces must the minute hand gain in order to
pass the hour hand between 8 and 40’clock ? How many does it
gain in an hour? It passes at 8 o’clock 16y minutes.

13. A’s age is to B’s as 4 to 3, and if twice B’s age
be added to A’s, the sum will be 100 years. Required the
age of each. ‘

14. A ship and a boat are descending a river at the
same time; and when the ship is opposite a certain fort,
the boat is 13 miles ahead. The ship is sailing at the
rate of 5 miles, while the boat is going 3. At what dis-
tance below the fort will they be together ?

Ans., 32} miles.

15. A certain man found when he married, that his age
was to that of his wife as 7 to 5. If they had been mar-
ried 8 years sooner, his age would have been to hers as 3
to 2. What were their ages at the time of their mar-

riage ?
Ans., His age, 56 years; hers, 40.

. 16. A field of 864 acres is to be divided among three
farmers, A, B, and C; so that A’s part shall be to B’s as

'

1

(RS Y Yoy
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5to 11, and C may receive as much as A and B to-
gether. How much must each receive ?
Ans., A, 135 ; B, 297 ; C, 432 acres.
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125. It frequently happens that a problem requires us
to find several quantities, so that there is more than one
unknown quantity. In such cases it is sometimes best
to use two or more letters, each representing ome of the
quantities sought. et us study such an example.

1. John and George’s ages together amount to 29
years, and 3 times Gteorge’s plus 5 times John’s age is 113
years. What is the age of each ?

S0oLUTION.—We might solve this by letting 2 represent George’s
age, and 29—z John’s, a8 we have done several in the preceding
section. But we wish to do it in another way, in order to learn
how to proceed with two unknown gquantities. We therefore let

@ represent George’s age,
and y represent John’s age.

Now the sum of their ages is 29 ; hence
z+y=29. 1st equation.

e Again the example says that 3 times George’s age, §. o 82, plus
5 times John’s, 1. ¢. 5y, is 113;

hence 8z + 5y = 113, 2d equation,
This is the statement.
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In order to solve the equations let us find the value of y in each.
Thus from the 1st, y = 29 — 2.

From the 2d, y = 113-5—&.
Now as y means the same thing in both equations, 29—z is
equal to 113; 3:, for each is the value of y. Hence we have -
113—3z
5 =29—2z.

“This being an equation having only one unknown quantity, we
can find the valueof z in known quantities. Solving, we have
113—8z=145—"5z,

5c—3z=145—113,
=32,
2=16, George’s age.
Finally substituting this value of z for z in the equation y=29—3
we have y=29—16,
y =18, John’s age.

126, We notice that there were fwo unknown quanti-
ties involved in this problem, and that there were fwo
statements, each of which gave rise to an equation. Buf
the equations were not the same, although x represented
the same thing in each, and also y.

127. Independent Equations are such as express different
conditions, and neither can be reduced to the other.

128. Simultaneous Equations are those which express
different conditions of the same problem, and con-
sequently the letters representing the wnknown
. quantities signify the same things in each. The

equations of such a group are all satisfied by the
same values of the unknown quantities.

Queries.—Are the two equations which we used in the preced.
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ing example independent? Why? Can you transform z+4y—=29
into 3z + 5y=1131

Are these two equations simultaneous ? Why ?

It we took the equation 3z+5y—=113 and then made an equation
8y—2z=8, from Ex. 15, in the preceding section, in which 2 repre-
sents the wife’s age and y the husband’s, would these two equa-

_tions be independent? Why? Would they be simultaneous?

Why ?
Are z+y=29, and 2z+2y=>58, independent? Why? Can you
make either form the other? How ?

NoTE.—We can readily tell whether two equations are independ-
ent, but we can not tell whether they are simultaneous unless. we
know what.each one means. Thus, were I to give you the two
equations z+y==29, and 8y—2r=8, you could not tell whether they
were simultaneous or not, unless I told you what z and y meant
in each. You could treat any two equations with two unknown
quantities as simultaneous, if you chose, and find values for 2 and
y which would satisfy them both. But if one of the equations had
reference to one problem, and the other to a different problem,
the values of 2 and y thus obtained would not refer to either prob-
lem.

129. We notice farther that in solving the last exam-
ple we combined the two equations having two unknown
quantities, so as to make one equation having but one
unknown quantity.

180. Efimination is the process of producing from a
given set of simultaneous equations containing two
or more unknown quantities, a new setof equations
in which one, at least, of the unknown quantities
shall not appear. The quantity thus disappearing
is said to be eliminated,
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(The word literally means putting oué of doors. We
use it a8 meaning causing to disappear.)

181, There are Three Methods of Elimination in most
common use, viz., by Comparison, by Substitution, and by
Addition or Subtraction.

NoTE.—Any one of these methods will solve all problems ; but
some problems are more readily worked by one method than by
another, while it is often convenient to use several of the methods
in the same problem, especially when there are more than two uns
known quantities. The method given above was comparison.

Elimination by Comparison.

If we examine the solution of the last example we
shall see that it suggests the following

182. RULE.—Ist. Find expressions for the value of
the same unknown quantity from each equation,in
terms of the other unknown quantity and known
quantities.

2d. Place these two values equal to each other, and
the result will be the equation sought.

DeM.—The first operations being performed according to the
rules for simple equations with one unknown quantity, fteed no
further demonstration.

2d. Having found expressions for the value of the same un
known quantity in both equations, since the equations are simul.
taneous this unknown quantity means the same thing in the two
equations, and hence the two expressions for its value are equal.

Nore.—The resulting equation can be solved by the- rules
already given.
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1. Given 3z +2y=26,
and 5z—2y=38,
to find the values of z and y, eliminating by comparison.

Suggestion.—From the 1st, y = %_;3—“’ ,

and from the 2d, y=5i;ls.

Hence, since y means the same thing in both equations, ¢ e,
since the equations are simultaneous,

260—3z 5288
2 - 2
Then, 26—8z = 5288,
8 = 64,
z=8.
Substituting in y= 2-6—;—3” ,
y=206-24
— = 1.
NoTE.—In the following we shall assume that the eqr~*ions are
simultaneous.
2. Given { ty+ 2=102 } to find y and 2.
y+4x= 48
y=24~ =0,
3. f}iven { Z:—:’}Z:; } to find z and .
r=4, y=2,
: 4z + 6y—=46
4 G to fi .
iven .{ 52—2y=10 } o find z and y.

z=4, y=">5.

138. NoTE.—In such examples the values of the unknown
quantities as found must satisfy both equations. Thus, in the last
example, substituting in the first equation, we have 4 . 4 46 . 5=486,
which is true. Algo in the second, § - 4—2 - 5=10, a true equation,
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But we can readily find numbers which will satisfy one equa-
tion and not the other. Thus z=10 and y=1 satisfy the 1st of
these equations, but not the second. 8o 2=6, y=10, satisfies the
second but not the first. The true vulues must satisfy both equations.

Solve and verify the following :

5. 3z=11+2y, Ty—2z=21.
6. 5y=128—6z, 3z=88 —4y.

1. 2my= —xa—’—', mz—y=3z +a.

Suggestion,—From the first, y—= 8%‘ ; from the second,
y=(m—8—a. Hence, 8%‘:(m—a)m —a. Solving this,

= 2a*m—n
2am®—6am—38°
To obtain the value of y it is sometimes better to return to the
original equations, and eliminate z as y was eliminated. Thus,

y+n; from the second, z= y+a
8 m—38

from the first, 2= Hence,

8a+-8n—mn

2amy+n _y+a
- 2am*—6am—38°

3 ﬂ_l_——é . SOlVillg this, y=

8. ¢+y=a, and 2—y=".

a

b -
9. bTy-—- 3(1—-T$, and M+2by=c.

o *—6at+c  3a*—b% 4-c
=gy Y=

3a

. Elimination by Substitution.

. z
1. Given 7 +7y=99, and "7/+7x=51 to find the

values of @ and y by substitution.
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80LUTION. —From the 1st equation we find 2=698—49y. Hence,
as z means the same thing in the two equations, t. e., the equa-
tions are simultaneous, we can substitute this value of z in the
second equation ; whence we have

¥ +7693—49y)=51.

Solving this, y=14. Substituting this value of y for y in
2=60693—49y, we have z="17.
This solution suggests the following

184. RULE.—Ist, Find from one of the equationsthe
valwe of the unknown quantity to be eliminated, in
terms of the other unknown quantity and known
quantities.

2d. Substitute this value for the same unknown
quantity in the other equation.

DEmM.—The first process consists in the solution of a simple
equation, and is demonstrated in the same way.

The second process is self-evident, since, the equations being
simultaneous, the letters mean the same thin'g in both, and it does
not destroy the equality of the members to replace any quantity
by its equal.

Solve the following by substitution, and verify the re-
sults obtained.
1. Tz +3y=29, and 5z+ 2y=20.

2. 42—7y=34, and 82=102—3y.

3. 122+3y=>5y+36, and ‘%“’_21‘_3_ _82+15

v 5
—36.
' Suggestion.—First reduce the equations to simple forms by

clearing of fractions and uniting terms. They become 6z=y + 18,
. and 25y --142=280.
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z+1 _ 1 d__”_._-l
Yy TR nT

z—31_6
5. z+y==60, and31 —y =7

6. 2az=2— 3by+m, and az+dby=c.
3c—m __a(m—2c)+c
=a+1’ VT 0@+))

2.2+ %:2, and bz—ay=0. z=a, y=b.
a
y—2 z—4
8. 2+ 5 =21, and 4y + —&— =29.
1-3z  3y—1 _ 3z+y . .o
-—3 =5 =% and 7 Y

Elimination by Addition or Subtraction.

: p 13 +2 y  z
I.leen%-y—10+x=10+ i ,and10+z_1
z—y
=3+ 5"

SoLuTION.—Reducing the equations to the simplest form, we
have

1) by+8x=98,
and @)  Sy+42=80.
To eliminate g, first multiply both members of the first equa-
tion by 8, and of the second, by 5. There results,
®) 15y+ 92=279,
N 4 15y +202=400.
Now y has the same co-efficient in both equations. Hence, it
we subtract 15y 49z from 15y+4-20z, we have 11z left in the 1st
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member of (4). But we must subtract just as much from the 2d
member, or else we shall not have a true equation. Hence, as
279 is just the same as 15y+9z, we will subtract it from 400;
whence 121 is the second member, and we have
112=121 ; or z=11.
This operation will be seen more clearly if we write (3) under

(4), and then subtract member from member, thus,

4  15y+20x=400,

(B 15y+ 92=279,

112=121, whence z=11.

To find the value of y, we may eliminate z by subtraction. To
do this, multiply the members of (1) by 4, and of (2) by 3, whence,
20y+122=872,

9y +122=240,
Subtract and 11y=182, whence y=12.
Having found the value of 2, we could have substituted in (1),
or in (2), as we have done before.

2. Given 22+ 3y=", and 82—10y=6, to eliminate y
by addition. .

-

Suggestion.—Multiplying both members of the 1st by 10,
and of the 2d by 8, we have

20z + 80y="0,
and 24z—380y=18.
Now, adding the corresponding members, we have
‘442—88, whence 2=2.

This value of 2 may be substituted in either of the equations,
and the value of y determined. But we will eliminate # in the
same manner a8 we did y. Thus, multiplying the members of
the 1st equation by 4, we have

8z +12y=28,
The 2d equation is 8z—10y= 6.
Subtracting, 22y=22, whence y=1.
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Queries,—What did we subtract from the first member of
8z+12y=28? What from the second? From which member did
we subtract the most? If two things are equal, and we take the
same amount from each, how will the remainders compare ¢

From these two solutions the following rule for elim-
tnation by addition or subtraction will be naturally sug-
gested.

185. RULE.—Ist. Reduce the equations to the forms
ax+by=m, and ox+dy=n.

2d. If the co-efficients of the quantity to be elimi-
nated are not alike in both equations, makethem so
by finding their L. C. M., and then multiplying
each equation by this L. C. M. exclusive of the factor
which the term to be eliminated already contains.

8d. If the signs of the terms containing the quan-~
tity to be eliminated are alike in both equations,
subtract one equation from the other, member by
member. If these signs are wunlike, add the equa-
tions. . .

DEM.—The first operations are performed according to the rules
already given for clearing of fractions, transposition, and uniting
terms, and hence do not vitiate the equations. The object of this
reduction is to make the two sabséquent steps practicable.

The second step does not vitiate the equations, since in the case

of either equation, both its members are multiplied by the same
number, )

The 8d step eliminates the unknown quantity, since, as the
terms containing the quantity to be eliminated have the same
numerical value, if they have the same sign, by subtracting the
equations one will destroy the other, and if they have different
signs, by adding the equations they will destroy each other. The
result is & true equation, since, if equals (the two members of one
equation) are adled to equals (the two members of the other equa.

|
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tion), the sums are equal. Thus we have a new equation with
but one unknown quantity.

3. Given 2z+32=38, and 6z+52=82 to find = and z,
eliminating by addition or subtraction.

Suggestion.—The co-efficient of z in the first equation can be
made equal to that in the second by multiplying by 8, hence we
will eliminate 2. It would take more work to eliminate 2. Why ?

6z +92=114,
6z+ 5= 82,
4= 32.
2= 8.

It is customary when we use addition or subtraction to eliminate
one of two unknown quantities, to find the other by substitution.
Thus substituting 8 for 2, in 22+ 82=88, we find 2="7.

In solving the following, eliminate by addition or sub-
traction first, and having found the value of one unknown
quantity, find the other by substituting in the simplest
of the given equations.

4. z+2y=17, and 3z—y=2. z=3, y=".

5. %—’ +2y=29, and 3z=12§— 4—:;:/ Verify.

6. yz—1y=R2, and }z+4y=". Verify.
2 5—y 41 221

7.3 3 _1—2——4—-,andx+1:y::5:3.
x=4, y=3.
At eids 1y 2 21-3y_2
8. z+y:4r+y::4:7 and 3 "5+t 1 —3
z 1
+ %—E. . x_3, y—9.

[} 7*
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d
9.‘—1+é=m, and &+ Z=n.
z 'y z

Suggestion.—1t is not always best to reduce the equations te
the simplest form. In this example, if we multiply the members

of the 1st by ¢, and of the 2d by a, we can eliminate z by subtrac-
tion. Thus,

a_ b _om
z 'y
%38 _n
z  y
Subtracting, bi:;ﬂ =em—an.

Taking the reciprocals of each' member (why does this give &
true equation ?),

y _ 1 or y— X—98
bo—ad ~ em—an’ Y= em—an’

Finding the value of z in a similar manner, we have

od + ba =dm,
z Y
be ¥,
z Y
ad—be =dm—bn.
z
z 1
ad—bc ~— dm—bn "
‘Whence, = ad—be .
dm—bn
4 4 .
10. —=-—1,and g—é=—§.
z oy z y 2

Solve the following by such of the above methods as
are most convenient :

11. 72+ 3y=29, and 5z 4 2y=20.

1
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12. 22=3y, and 5z —y="2.

13. y= 2z 1, and S5y=4z—4. =3}, y=2.
14. 1+}=m, and l—l=n.
z Y z
_ 2 _
Smrn Y
2y— 59 y—3 73—3y
15. z— 232 _20— y+z 8= 30— 3
z=21, y=20.

r_"oo(vvn(,r-rv-vux-n:nv --------------

SECTION
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XXIl.
PROBLEMS GIVING RISE TO TWO EQUA-
TIONS EACH.
1. A can perform a piece of work in 20 days, B and
C can together do it in 12 days. Now, if they all work
for 6 days, C can finish it in 3 days. In what time
would B or C have done it alone ?

Suggestion.—Let z days be the time C would require to do it
alone, and y days the time B would require. Then C does

;in a day,and B }I In 12 days, therefore, C and B would do

1—% + ly% =1, the whole work.
In 6 days, all working together do % + g + g— To this add
what C would do in 3 days, viz., g, and the whole would be done,

6 6,6 38
Hence, ﬁ+5+§+;_1.
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Reducing the last equation, the two become,

12 12
—+ — =1,
z Y
9 @6 7
and 2t y =10 Therefore, 2=15, y=60.

To solve these, see Ex. 9, page 154,

2. It is required to find a fraction such, that if 3 be
subtracted from the numerator and denominator, it is
changed into }, and if 5 be added to the numerator and
denominator, it becomes §. What is the fraction ?

' Ans., 7.

3. A can do a piece of work in 20 days, and B and C
can together perform it in 12 days. Now, if all three
work for 6 days, C can finish it in 3 days. It what time
would B or C have performed it ?

i Ans., B 60 days, C 15 days.

4. Charles bought five peaches and two pears for
seventeen cents, and found that two pears cost four cents
less than two peaches. What did one of each cost ?

5. A farmer bought three sheep and a cow for twenty-
six dollars. At the same rate, a cow would cost four
dollars less than twelve sheep. What did he pay for the
cow, and what for a sheep ?

6. A man bought a cow and ten sheep for forty dollars.
He then sold, at the same rate, seven sheep and a cow
for thirty-four dollars. What was the price of one of
each ?

7. If three times Anna’s age be added to three times

s
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Mary’s age, the sum will be thirty-three years ; and three
times Mary’s age is thirty-seven years less than seven
times Anna’s. What are their respective ages?

8. A certain number, consisting of two places of fig-
ures, i8 equal to seven times the sum of its digits, and if
18 be subtracted from it, the digits will be inverted.
What is the number?

Suggestion.—Let = represent the tens figure, and y the units.
Then 10z+y represents the number. The equations are 10z+y

' =Uz+y), and 102+y—18=10y+2. The number is 42.

9. A certain number consists of two digits, and is
equal to the difference of the squares of its digits. If 36
be added to it, the sum will be expressed by the same
digits in an inverted order. What is the number ?

' Ans., 48.

10. There are two numbers in the ratio of 5 : 4, but
if each be increased by 20, the results are as 9: 8. What
are the numbers ? Ans., 25 and 20.

11. What fraction is that to the numerator of which
if 1 be added, the fraction will equal 4, but if 4 be added
to the denominator, the fraction becomes }?

Suggestion.—Let 2 be the numerator and y the denominn.toi-,

so that the fraction is ;El The equations are ﬂ”l:__%, and
z 1 N |
m =3 The fraction is 21"

12. What fraction is that which becomes } when 1 is
added to both numerator and denominator, and 5 when



158 ANTRODUCTION TO ALGEBRA.

the numerator is multiplied by 25, and the denominator
diminished by 1?

13. Bought linen at 60 cts. per yard, and muslin at
15 cts. per yard, amounting in all to $11.40. I after-
wards sold § of the linen and } of the muslin for $3.89,
having made 29 cents on this part. How many yards
of each did I purchase?

Ans., 15 linen, 16 muslin.

Quenries.—It there were 2 yds. of linen, and y of muslin, what
was the cost? What was the cost of what he sold, in terms of 2
and 7

14. Purchased 25 1bs. of sugar, and 36 of coffee, for
$8.04, but the price of each having fallen 1 cent per
pound, I afterwards bought 2 lbs. more of the first, and
3 lbs. more of the second, for the same money. What
was the price of each ?

15. Two men in partnership divide their gain, so that
the sum of twice A’s share, added to B’s share, makes
twenty-seven dollars; and if three times B’s money be
taken from four times A’s, nineteen dollars will be left.
How many dollars will each have?

16. A man said, that if one-half the price of his saddle
were taken from one-fifth of the price of his horse, the
difference would be fifteen dollars; but one-tenth of the
price of his horse and one-tenth of the price of his saddle
together would be eleven dollars. What was the price
of each ?

17. The sum of two-thirds of the greater of two num-
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bers added to the less is twelve ? but the sum of one-
fourth of both is only four. What are the numbers ?

18. A man said that the sum of four-fifths of the
value of his horse, added to two-thirds of the valueof his
sart, was forty-two dollars, and that the difference be-
tween one-third of the value of his cart and three-fifths
of the value of his horse, was nineteen dollars. What
was the value of each ?

19. Four pounds of coffee and three pounds of tea cost
$4.98; but when coffee fell 165%, and tea rose 20%, six
pounds of coffee and three pounds of tea cost $6.00.
What was the price before the rise?

Ans., Coffee, 12 cts.; tea, $1.50.

20. A man bought coffee at 12 cents, and tea at 75
cents a pound, and paid for the whole $249 ; the next
day he disposed of 4 of his coffee and § of his tea for
$180, which was $10.80 more than it cost him. How
many pounds of each article did he buy, and how much
of each did he sell ?

WITH THREE UNKNOWN QUANTITIES.

"Tooooo uuunuunkuuvnuuo

SECTION

loanannadcacanaanaaGoa

XXIIL.
T+ y+ z=15}

to find the values of z, y,

1. Gi =
Given %x+2y+3z 23 and 2.

z+3y+42=28
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SoLUTION.—Subtracting the members of the 1st from those of
the 2d,

y+2%=8.

In like manner, from 2d and 8d, y +2=5. We now have
y+2¢=81
and y+ =5,

two equations with fwo unknown quantities. Solving these as
already learned, we find ¢=3, and y=2. These values substituted
in any one of the given equations, give z=10.

From this example we readily infer the following rule
for elimination, when there are three equations with
three unknown quantities:

186. RULE.—Combine one of the equations with each
of the other two, so as to eliminate the same un~
known quantity from each. There will thws result
two equations with two unknown quantities.

These can be solved by the methods of the preceding
sections.

to find the values of

Tz 45y +22="19
§ z, y and 2.

2. Given {8z+7y+9z=122
z+4y+52=>55
. Ans., z=4, y=9, and 2=3.

to find the values of

4x—3y+22=10
§ z, 9, and z

3. Given{ 546y —8z=—1
—z+8y+32=44 »
Ans., z=3, y=4, and z2=35.

to find the value of z, 4,

5z +3y+22=29
§ and z,

4. Given ; e +by—z =14
3r—2y +42=20
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( 2-;—;—'1—/ +2z=21

5. Given 4 Y% _3:——65 to find the values of
2 z, y, and z
3z+y—z
| 3 =38
Ans., z=24, y=9, and 2=>5.
(2

1 3
339 + = 4
6. Given { 1 to find the valune

§x+§y—-3z = —13 [ of z, y, and 2

L3z =2y +2 =2
Ans., z=6, y=12, and 2=8.

Problems.

1. James, Henry, and George, have each a certain
number of cents.

If James gives Henry 5 and George 3, he will then
have § as many a8 both of them; but if George had 20
more than he has, he would have half as many as the
other two. George’s money, plus 3 of Henry’s, equals
James’s. How much has each?

Ans., James, 60 ; Henry, 40; George, 30.

2. What number is that expressed by three digits,
to which if you add 297 the order of the digits will be re-
versed ; the number expressed by the last two of which
is twice that expressed by the first two, less 3; and 3
times the difference between the extreme digits is 1 more
than twice the mean. What is the number?

R WUNSRRN Y PR N7 8
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Suggestion.—Letting z represent the hundreds digit, y the
tens, and ¢ the units, the number is represented by 100z + 10y +=.

The equations are
100z + 10y + £+ 207=100s + 10y + 2
10y + e=2(10z + y)—8.
and 8(e—2)=2+1. The number is 245.

8. A merchant bought at one time 4 barrels of flour,
3 barrels of rice, and 2 boxes of sugar for $72; at another,
2 barrels of flour, 5 barrels of rice, and 3 boxes of sugar
for $84; and at a third time, 5 barrels of flour, 9 barrels
of rice, and 8 boxes of sugar for $187. What were the
flour and rice per barrel, and what was the sugar per
box? '

4. Three boys, A, B, and C, counting their money, it
was found that twice A’s added to B’s and U’s, would
make $5.25; that if A’s and twice B’s were added, and
from the sum C’s were subtracted, the result would be
$3.00; and the three together had $3.25. How much
money had each ?

5. Three men owed together a debt of $1000, but
neither of them had sufficient money to pay the whole
alone. The first could pay the whole, if the second and
-third would give him # of what they had ; the second
could pay it, if the first and third would give him % of
what they had; and the third could pay it if the first
and second would give him ¥ of what they had. How
much money had each ?

-
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‘'MEANING OF FRACTIONAL AND NEGATIVE
EXPONENTS.

In SectioN IL we learned that a figure written at the
right and a little above a letter or figure, is one form of
what is called an EXPONENT, and it was there promised
that we should learn more upon this matter. We will
first attend to some definitions which, thongh they have
been learned in arithmetic, need to be made very fa-
miliar.

187. A Power of a number is the product which
arises from multiplying the number by itself,i. e.,
taking it a certain number of times as a factor.

ILLUSTRATION. 8 i8 a power of 2 because it is the product aris-
ing from multiplying 2 by itself. 8o also 16, 82, 64, 128, etc., are
powers of 2. Again, at,.a?, a*, a°, etc.,are powers of a, since they
are products arising from multiplying @ by itself. Is 27 a power
of3? Why? How many times is 3 taken as a factor in 271 Is
2° a power of 2?7 Why? How many times is z taken as a factor
inz®? Is12apowerof2? Of 37 Why not? Isaba power of
a,orof b? Can you make ab by taking either 4 or b only, as a
factor?

188. A Root of @ number is one of several equal fac-
tors into which the number is to be resolved.

ILLUSTRATION. 2 is & root of 81 Why? Is 8 arootof 2712
0f£81? Of7? 0£12? Isaarootofa®? Ofa®? Ofa®t Whyt
Isaarootof ab? Of ce? Why not?
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189. The Square or Second Root means one of the two
equal factors of a number, and is indicated by the
radical sign, ¥ —, or by the fractional exponent ¥.

The Cube or Third Root means one of the three equal
factors of a number, and is indicated by the radical
sign with 3 in the opening thus 3/, or by the frac-
tional exponent 3.

Fourth, Fifth, and higher roots have similar mean-~
ings and are indicated in a similar manner.

1. Read 4/4*.
‘What does it mean ?
What is its value?

2. Read 4t (This is read “4,exponent $.”)
‘What does it mean ?

What is itsvalue? Is 4/4 = 4*?

3. Read 4/m.

What does it mean ?

Can you tell its value? Why not? (Because we do
not know whatm represents. As m may mean anything,
+/m may mean oné of the two equal factors of any num-
ber whatever.)

4. Read /5.
What does it mean ?
Can you tell its value exactly?

# It is presumed that the pupil is familiar with this from arith
metic. He is expected to read “ the square root of 4.”
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Is 4/5 more than 2?7
Ig it less than 3?7 Why?

5. Read 4/8.
What does 1t mean ?
What is its value?

6. Read 8Y.
What does it mean ?

Is'{/§=8}? -

7. Read v/z.
What does it mean?

1
Is ¥z = z"?

We will now give the full definition of an exponent,
which should be very carefully studied, together with all
that follows in this section. This is usually one of the
most perplexing sabjects, but we may hope by careful
attention to strip it of its terrors.

140. An Exponent i3 a small figure, letter or other
symbol of number, written at the rightand a little
above another figure, letter or symbol of number.

Point out the exponents in the expressions a$, b§, ¢85, z_},

y ", o"‘:. What is the exponent of ¢ in the last expression?

Isitm?orn?or  ?or —5 ? Be very careful and notice that

the exponent may be a fraction, and may have a — sign.
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141. There are Three kinds of Exponents, viz., positive
integral, positive fractional, and negative.*

142. APositive integral Exponent signifies that the num-
ber affected by it is to be taken as a factor as many
times as there are unitsin the exponent. Itisa kind
of symbol of multiplication.

How TO READ.—We have already learned about Positive Inte-
gral Exponents (8), and have now only to refresh our memory.
2t is read ‘‘2, second power,” or ‘“2square ;” so a* is read “a,
second power,” or ‘‘ @ square ;” 5° is read “ 5, third power,” or
“5 cube ;” so z? is read ‘“z, third power,” or ‘‘z cube ;” m* is
read ‘“m, fourth power,” etc.

If m iz an integer z” may be read ‘‘ z, mth power ;” soif n isan
integer, y* may be read “y, nth power.” But, if we do notknow

that the letter used represents a positive integer, it ts absurd to
vead it s0. You will see how this is in (148).

If m represents a positive integer, z» means 22z . . . etc., tom
factors, just as z° means zz, etc., to § factors, ¢. e., 2zeez. Of
course we cannot write out all the factors of 2w, for we do not know
how many s indicates.

1. How is y® read ?
What does it mean ?
Write it in another form (yyyyy).

2. What does 2¢ mean ?
Write it in another form. Read it.

3. Read (a—b)s.

* It is not necessary to specify positive integral, negative inte.

gral, positive fractional, and negative fractional, as will appear
from the treatment,
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What does it mean ?
Write it in another form: (a—3)(¢—8)(a—2).

4. How many times is z+y a factor in (z+y)¢?
Write it in another form.

5. If m is an integer, what does 4™ mean ?
How is it read ?
‘Write it in another form.

6. If n is an integer, what does (a+z)® mean?
How many times is a+2 a factor in (¢+2)*?

148. A Positive Fractional Exponent indicates a power
of a root, or a root of a power. The denominator
specifies the root, and the numerator the power of
the number to which the exponent is attached.

How T0 READ.—Such an expression as B*is read ‘8, exponent
1” 8o z* is read ‘‘z, expouent $.” This means z with an expo-

=
nent %, the words ‘“ with an” being left out for brevity. y*®isread
‘‘y, exponent '—:.” Thus any form of exponent can be read.*

MEANING OF FRACTIONAL EXPONENTS.—According to the defini.

tion 8* means the second power, of the third root of 8. Now the
third root of 8 is 2, and the second power of 2 is 4. Hence 8* is

the same as 4, ¢. ., 8*:4.

* The teacher needs to understand and fully explain, if there
should be occasion, that such a reading as ‘8, two-thirds power,”
is absurd. There is no such thing as a two-thirds power. The
definition of a power excludes it. Moreover, such a reading leads
the pupil astray,
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-
Again, 2= means that one of the n equal factors of z is to be

taken m times as a factor, just as (16)* signifies that one of the 4
equal factors of 16 (. e., 2) is to be taken 8 times as a factor
(5. e., 2-2.2,0r 8). Now as we do not know what number is repre-
sented by z, or what by m, or n, we cannot say any thing more defi.

nitely about z* than has been said ; but we can tell that (16)3=8.

1. Read 4},

What does it mean ?

Into how many factors is 4 to be resolved ?
How many are to be taken ?

‘What is the value of 4* ?
What is the value of (v/4)*?
Of /43 ? Are all alike ?

2 Read (126)%. Read J/(125)%. Resd (VIZoP. Is
there any difference in value?

3. Read 7¥

What does it mean ? :

Can you tell its value exactly? Why not?

Can you find a number which, taken 3 times as a facter,
makes just 7?7

Is 7* more, or less, than 4?
How do you know ?
Is it more, or less, than 1? Why?

4. Read y°. What does it mean? Write it in two
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other forms. (See Exs.1and 2.) Can you tell the exact

value of y'.

5. Read a’}, ai, .1:*.
Write these in other forms.
Tell what they mean.

[NoTE.~—A fraction used as an exponent kas not the same signifi
cance as a common fraction. Thus $, as a common fraction, indi-
cates the sum of 2 of the 3 equal parts of a quantity ; but § used
a8 an exponent indicates the product of 2 of the 8 equal factors of
a quantity. In all explanations this is to be kept clearly in view.]

144. A Negative Exponent, i. e., one with the-sign be-
fore it, either integral or fractional, signifies the
reciprocal of what the expression would be if the
exponent were positive, i. e., had the + sign, or no
sign at all before it.

-3

How To READ.—The expression @™ ° is read ‘‘a, exponent—3.”

«  is read ‘‘z, exponent — m,” etc.
MEARING OF NEGATIVE EXPONENTS.—According to the defini-

tion, 2% is the reciprocal of 23, 1. ., 23 ,or §. Soa:"':i:

1
=& -

,.—} = y—*, or—l—;a—* = l etc.

%

1. What is the value of 8~ ¥
of 125) %2 ora¥e of3 e
of 32> of (16)F2 ofa*?
ofs¥r of @en ¥ or1te

8
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2. What does 27" mean? How read ?

3. What does 5_: mean? How read?

Row Negatwe Exponents arise from Division.
1. What isa3+a? a®+a%?
2. How do you divide a quantity affected by an expo-

nent. by the same quantity affected with another expo-
nent ?

3. What is 23+-2%?
SoLUTION.—By the rule for division 2®+2z®=23-*=2z—%. But

N 3
£2+2z° may be written ;3 which is Zzl_' Hence we see that z—*=
1

’z—’-
4, Solve as above a®--a8, and thus show that a3
1

:&?.

5. Solve y-=y® so as to show that y“:bl—‘.

6. What is a3+a3?
SoLUTION.—By the rule for division a®*+a*=a3-3=a’. Bui
3
a’+a® may be writtena'—, which equals 1. Hence we see thal
a
=1,
145. Any Quantity with an Exponent O is 1.

7. Show as above, from 28 +z8, that z°=1.
Also from 4™ 5™, that 5°=1.
Also from y-+y, that y°=1.
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How Fractional Exponents arise from Factoring.

1. What is one of the two equal factors of a*? of a¢?
of a¢?

146. Thus we see that we can express one of the two
equal factors of any number by dividing ils exponent by 2.

2. What is one of the two equal factors of ¢ ?

SoLuTION.—S8ince a is @', and since we can express one of its 3

equal factors by dividing its exponent by 2, we have a* as one of

the two equal factors of g, ¢. 6., Ya=dl,

3. Show and explain as above, that <% and VZ are
the same,

4. Show and explain that '\/Esza%.

SoLUTION.—By the definition of a square root we know that 4,3
means one of the two equal factors of a®. But by the rules for
division we know that a quantity can be resolved into two equal
factors by dividing its exponent by 2. Hence one of the two equal
)

factors of a3 is a%, . e., Ya*=a’.

5. Show and explain as above that /2% :zf.

SIMILAR RADICALS.

147. A Radical Number is an indicated root of a num-
ber. Iftheroot can be extracted exactly, the quan-
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tity becomes Rational; if the root cannot be extracted
exactly, the expression is called Irrational, or Surd.

Is ¥%aradical? Isit rational, or irrational ?
Is 4/29a° & radical? Is it rational, or surd?
Is 5 a radical? Is it rational, or irrational?
Is ¥13a a radical ? Is it rational, or surd ?

Is ¥Ya*—b rational, or irrational?

Is ¥a*+-2ab+0b* rational, or irrational ?

148, Similar Radicals are like roots of like quantities.

Thus 34/2a, 5m42a, and (a—b)¥2a, are all similar radicals, for
it is the aquare root of 2 which is involved in each. But 84/3a,

and 4m¥/5a are not similar, nor are 54z and 54/a. In order to
be similar the radical factor must be exactly the same in each.

149, It is frequently the case that dissimilar rad-
icals can be reduced to similar ones. This is done

wpon the following
PRINCIPLES.

1st. The product of the same root of two or more quan-
tities, equals the like root of their product.

2d. The quotient of the same root of two gquantities
equals the like root of their quotient.

TLLUSTRATION.—The first principal asserts that ¥4 X 49 =
4/36,as ¥4 x #9 is the product of the square roots of 4 and 9,
and 4/36 is the square root of the product of these numbers. But

-
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Y3 X §/9=2%8=6, and ¥36=6. Therefore ¥4x ¥ 9= ¥36.
Is the sum of the square roots of two numbers equal to the nqua.re
root of their sum? i.e.,is ¥i+ ¥9= 4’4+9?

The second principle asserts that — = 1/§ . That this is

true we have learnéd in arithmetic, since we there learn that to
extract the square root of a fraction we had but to extract the
square root of the numerator and denominator separately., Is

Va9 ¥35=¥49—251

A study of the following examples will make these
principles clear.

1. Extract the square root of 36, by resolving it into
its prime factors.*

SOLUTION. 86=4X9=2-2X8.8=2-3X2.3=6X6. Hence 6 is

one of the two equal factors of 86, and is therefore its square
root.

2. Extract the square root of 225, by factoring, first

into two factors which are square numbers.

3. Extract the cube root of 216, by factoring.

SOLUTION. 216=27X%X8=8.3.83X%2-2-2=2-3%X2-3X2-83=6X6Xx86.

‘ Hence 6 is the cube root of 216 as it is one of the three equal

factors of 216.

4. Extract the cube root of 3375, by observing that
3375=27 x 125.

" 180. From these examples we see that a root may
be extracted by extracting the root of the factors of
the quantity and taking the product of these roots.

* This process should have been taught in arithmetic, If it has
not it should be made familiar here. -
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This is the same as Principle 1. But we will give a
formal demonstration of this principle, as it is a very
important one.

Dxu.—That is §/Z X 4/ = 4/2y. This is evident from the

fact that 4/ zy signifies that zy is to be resolved into m equal factors.
If now each factar, as z and g, be separately resolved into m equal
factors and then the product of one factor from each betaken,there

will be m such equal factorsin zy. Thus 4/Z is one of the m equal
factors of z, and .:/g-/ is one of the m equal factors of y. Hence

[Vzx /y]1 x [z x v/y1 x [{/2x /3] ete.,tom tactors
of 4/7 X 5/y, makes up zy. Therefore 1/z X 4/¥ = {/ay.

5. Extract the square root of ?—2
How do you do it ?

6. Extract the cube root of 1—22,75-

I V125_ 3 1_2_§ :
Var =Y e

A formal demonstration of the 2d Principle is as fol-
lows:

DEM.—Let m be an integer and # and y any numbers ; we are to

MF o/ Y
provethnt-c_._-y’orl{_:,‘/:. Now,tlmt_._="/—
VerVaT i vi'V?

Y

-
is evident, since };—i. raised to the mth power, that is
Y

V/EX )T X /5 X A7 - tom factors _ 2
VYXNYXSyXy---tomtactors ¥
" rYyo s
that ’\/E is the mth root of 2 ; or equals E-
Vi y ¥

; whence it appears

¥
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161. The Degree of a radical is determined by the
number of factors into which the quantity is con~
ceived to be resolved.

Thus #a is of the 2d degree, so also is af ; A/, or o, 15 of the
8d degree, etc.

To Reduce Dissimilar Radicals of the same Degree
to Similar Radicals, when it can be done.

1. Reduce V128 and V72 to similar radicals.

SoLuTION.~—8ince 4128= ¥4x382, or #16X8, or ¥64X2, we
can put it equal to ¥4 433, #1648, or /8442, and these are
respectively 24/32,44/8,and 842, In like manner ¥72= ¥9X8,
or ¥36x2, whichare 9 ¥8, and 436 4/2, or 348 and 643 re-
spectively. Now wesee thatif we put ¥128 = ¥64X2 =843,
and ¥72= ¥36Xx2=642 , we have the radicals similar.

From this process we infer the following

152. RULE.—Observe all the factors of the quanitities
under the radical signs which are perfect powers of
the degree of the radicals. If then the quantities
undertheradicals can be factored sothateach shall
have a common factor, and a factor which is a per-
fect power of the same degree as the radical, extract
the root of the latter factor, and remove it from
under the sign in each case, leaving the common
factor under each radical sign. The radicals will
then be similar.

3. Reduce V18 and V8 to similar radicals.

1
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3. Reduce V27a*z and V3a*z to similar radicals.
Suggestion. 27a‘r=9a*X3z, and 3a‘z=a* X3,
4. Reduce V108az?® and V48az? to similar radicals.

5. Reduce 4/12, 24/27, and 34/75 to similar radicals.
Suggestion, 2¥27=2Y9x3=2¢9 ¥3=2-343=643.

We observe that if the radical has a co-efficient, the root
of the factor removed from under the radical must be mul-
tiplied into this co-efficient.

6. Reduce 51484323 and 3V 108a®z to similar radi-
cals.

7. Reduce 24/175m32%y and 8v252m®y?® to similar
radicals.

XXVI.
ADDITION AND SUBTRACTION OF RADICALS.

1. Three times 4/2zand 5 times 4/2z make ho W many

times 4/ 2z.

2. Seven times A/5a minus 3 times V54 are how many
times V5a?

3. 4/7 + 2V7 — 5V7 are how many times 4/7?
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4. 2V12y + 3V 48y are how much?

SoLuTIOR.—The radicals are dissimilar, and we cannot say that
2 times ¥12y and 3 times 448y make 5 times either, or anything.
But let us see if the radicals cannot be made similar. 212y
=4¥3y; and 3V48y=12¥3y. Now 4¥3y+12¥3y=1643y.

From these examples we readily infer the following

153. RULE.—If the radicals are similar, add or sub-
tract their co-efficients and to the result annex the
common radical. If the radicals are dissimilar,
reduce them to similar radicals, if possible, and
proceed as before. If they cannot be made similar,
they can only be connected with their proper signs
like other dissimilar terms.

DEM.—When the radicals are similar the radical factor is a com-
mon quantity and the co-efficients show how many times it is taken.
Hence the sum, or difference, of the co-efficients, as the case may
be, indicates how many times the common quantity is to be taken
to produce the required result.

If the radicals are not similar, the reductions do not alter their
values ; hence the sum or difference of the reduced radicals, when
they can be made similar, is the sum or difference of the radicals.

5. Add 3v45 and 7v20.

6. From 84/125 take 21/80.
7. Add 6v?27 and 94/192.
8. From 9v192 take 7V75.

9. Add 24/28a3z and 34/252a3z.  Sum, 22a+/az.

10. From 5v/363a%y* take 3v/243a%y".
g _
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11. Add a+/2b and c4/2b. Sum, (a+c)V/2b.
12. From 2c4/zy take 3b4/zy.

13. Add 10a4/28a*z and 5b+/ 63b%z.
Sum, 5(4a® +35%)v Tz

14. From 34/75m3y3 take 24/27m3y3.
15. Add 4/13z3 and v/ 7y.

Suggestion.—As these radicals cannot be made gimilar they
can be added only by connecting them with their proper signs.

16. From 4/10zy take 24/6z.

w
4 1.

I O/ A
> :
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XXVII.
MULTIPLICATION AND DIVISION OF RADICALS.

Multiplication of radicals is effected by means of the
1st Principle of (149) and the following

PRINCIPLE.

154, The numerator and denominator of a fractional
exponent may be multiplied by the same number without
affecting the value of the expression.

ILLUSTRATION.—Thus (64)*:(64)%; for (64)* means the product
of 2 of the three equal factors of 64, or 4+4. Now if each of the
8 equal factors of 64 is resolved into two equal factors, the whole
will be resolved into six equal factors. But the 2 of the 3 equal
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factors indicated by (64)* will make 4 of the 6 equal factors pro-
duced when ‘we resolve each of the 3 factors into 2 factors. Hence
2 of the 8 equal factors of 64 equals 4 of the 6 equal factors, or

eol=(9?.
1. Show that (81)¥=(81)¥"
2. Show that (64)¥=(69)}.

Suggestion, 64t =8x8x8. Now resolving each of these
factors into 3 equal factors, we have

(64} =2.2.3%2:2.2%2:2:2, or (84)%,
since 8 of the 6 equal factors of any number make 1 of the twe
equal factors.

The following is & general demonstration of this im-
portant principle:

DEM.—In order to demonstrate this generally, we have to show

(4 ma e
that 25 =2, Now zrsigniﬁes the product of a of the b equal
factors into which z is conceived to be resolved. If we now re-
solve each of these b equal factors into m equal factors, a of them
will include ma of the mb equal factors into which 2 is conceived
to be resolved. Hence ma of the mb equal factors of z equals @ of
the b equal factors.

[The student should notice the analogy between this explana-
tion and that usually given in Arithmetic for reducing fractions to
equivalent ones having & common denominator. It is not {dents-
¢al. See NorE after Ex. 5, page 169.]

1. Multiply ot by .

SoLurioN. a=a"f since the product of 8 of the 13 equal fac
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tors of a number is equal to the product of 2 of the 3 equal factors
of the same number, for a number can be resolved into 12 factors
by resolving it first into 3 and then each of these into 4.

In like manner ¢4 =a'*. [Give the explanation as above.]

We now have afxal=a¥xa7=12 a*x'4y/a®. But by the
849

1st Principle (149) {/a°Xx'{/a’=1{/a*xa® = Yarri=giv
H .
=a'%,

155. From this analysis we can infer the two follow-
ing truths:

18¢. That a quantity affected with a fractional exponent
may be multiplied by the same quantity affected with a
JSractional exponent by adding the exponents, the same as
when the exponents are integral. (See 21.)

2d. That radicals of different degrees can be multi-
plied by first reducing them to a common degree and then
placing the common radical sign over the product of the
quantities under it in both the factors.

2. Maltiply ot by o¥,

Suggestion.—By (154) a’:aﬂ', and 8 =4, Hence a¥xot =

¥ o =14/aT 5 1/0° - /a7, [The student should give
a complete analysis of every step.]

3. Multiply 54/a by 64/a.

Suggestion.—The factors to be multiplied together are
5, VE, 6, and ,{/E. As the order of multiplication is immaterial

(28), we may write 5Va X 6 X {/a=5.6Vax {/a=30¥a4/a=
800*4*:80(13, the last operation being performed by 155 (1st).
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4. Multiply 34/15 by /6.

Suggestion.—By (149, 1st) 3¢/15x ¥6=8415 x 6 =34/90.
390 can be reduced by taking the factor 9 from under the radi-
cal sign. Thus 8490-=849x10=9410. This is the product in
the simplest form.

156. A radical is said to be in its simplest form when
the quantity under the radical sign is the smallest
possible integer.

5. Multiply v/} by /3

Suggestion.—By (149, 1st) ¥3x Y= ¥¥x = ¥1. Now this
is the product, but it is not in its stmplest form, since therd isa

fraction under the radical sign. But we observe that ¥3= Y3 x§
= ¥33= ¥ & x10=} #10, which is the product in its simplest
form.

&

Multiply v/% by V3. Prod., }V/2.
7. Show that Vi=}v2.
8. Multiply 3v/5 by 24/2. Prod., 64/500.

9. Multiply 2/3zy by 5v3755.  Prod, 30zy®.

10. Multiply 1/ %Y \y 3“ Prod, 2+/a,

11. Multiply 4/} by % Prod., } V6.

12. Multiply 54/5 by 34/8.
13. Multiply 3v2 by 24/2.



182 INTRODUCTION TO ALGERRA.

14. Multiply 4/2 by 4/8.

15. Multiply 4/2 by /3.

16. Multiply 4/a by /5.

17. Multiply 24/2b by 34/zc.
18. Multiply 5{/a*c* by av/ac.

Queries.—In order to change 3/~ for 4/ what must we
do to the quantities under the sign ? What in order to change v

for .\‘/_ ?
19. Multiply 3 by V3.

Suggestion.— We can put 8 under the square root sign by
squaring it, since ¥9=8. Hence we have 8x ¥3=¥9x ¥Yi=
¥Y9x3=48.

20. Introduce the co-efficient under the radical sign

in 5a ,‘/% and put the result in the simple form.
Result, $4/15ab.

21. Multiply v/a+ /% by Va+ /2.

PROCESS,.

VYa+ Vb
Ya+ Vb

a+ Vab
Yab+b

e+2Vab+d

el
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This result should also be known as the square of the binominal
Ya+ Vb by (40).

22. Multiply v/a—4/F by v/a+ /5 as above.
What inspection should give the product ?

23. Multiply 2—34/5 by 1+24/5.

ProcEss,
2—-845
1+2345
2345
4¥5-30
-;:V—E—-——S-O, or ¥5-28.

24. Square v/ a® —z2,

Suggestion.—8ince to square a quantity is to multiply it
by itself, we have ¥a®—z®x Yaf—z*= ¥(a*—2*) (a*—2)=
Y(@a*—z%)?=a*—z®. That ¥(a*—z®)*=a®—2? is evident from
the fact that a square root is one of the two equal factors of a
number.

167. To square o quantity affected with the sign
V" is simply to drop the sign.

25. Square 4/2—z.
26. Multiply +/a—b by V/a+b. Prod., /a*—5s.
27. Multiply /1—z by v/=. Prod., v/z—28.

28. Square 2—4/3 both by actual multiplication and
by observing that it is the square.of & binominal.

29. Square V1—z+v1+z.
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Suggestion.—This is the square of a binomial. Hence by (40),
we have ‘‘the square of the 1st term,” or 1—z, ‘ plus twice the

product of the two terms,” or 2#1—2*, “plus the square of the
psecond term,” or 14+z. Hence

{ Yi—2z+ Vl-i—m} '—1—z+2VT—2t +1+2=2+24¥1—2".

30. Square as above Va +2*—+va—2%.
Square, 2a—2+/ a® -4,

Examples in Division.

158. No new principles are needed to enable us to
effect division of radicals.

1. Divide 84/ab by 24/a.

8
2

a
mco

SOLUTION.—We may write

§

Vab ab
ead —=4 Va
va 4 1/;
See (149, 2d).

2. Divide 84/108 by 24/6. Quot., 124/2.
3. Divide $4/5 by $V2.

: ¥5_38 5_38
Suﬂﬂesﬁon.——We have %—7_ = § X § = Z m_

4. Divide 4Y/az by 34/zy.

4
Suggestion.—We have

/3t

v
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5. Divide 4/54 by 54/2.

o 2./ /5
6. Divide ‘/ 3 by ,‘/3

3 3 5 - 6 /33
Suggestion, ,‘/; + 1/%: g;x 1/ 35 =
N 2;3654 1 yorarsi
1/ g =g VTS

7. Divide 15a54/bzy by 5b4/2y.
8. Divide 6z4/48y* by 34/4z5.

9. Divide \/ ; by \/% Quot., §4/3,

10. Divide 122%+/722%? by 6z4/8zy.
11. Divide 4/20a® by +/5a.

XXVIII. :
159. The Degree of an equation is determined by
the highest number of unknown factors occurring
in any term when the equation is freed from radi-
cals or fractional exponents as affecting the un-
known quantity. -
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Thus az—bz* =c+2?, is of the 3d degree ; atz—4z=12 is of the
1st degree ; z*y*=18 is of the 4th degree, etc.

160. A Simple Equation is an equation of the first
degree.

Thus y=az+b is a simple equation, as also is z_;_:i +4r=3x+5,

161. A Quadratio Equation is an equation of the second
degree.

ILLUSTRATION. 2*+82=0 is a quadratic, as is also z*=a, or
ay=>H, or z* +y*="T.

162. Quadratio Equations are distinguished as Pure

(called also Incompiete), and Affected (called also Come
plete).

168. A Pure Quadratic Equation is an equation which
contains no power of the unknown quantity but the
second.

Thus az* +b=cd, and 2* —8b=102, are pure quadratics.

164. A Root of an equation is a quantity which,
substituted for the unknown quantity, satisfies the
equation. It isthe value of the unknown quantity.

1. What is the value of 2 in the equation z2=9?

SOLUTION.—As the square roots of equal quantities are equal,
we can extract the square root of each member and not destroy the
equation. Hence we have z=18. It seems, then, that = has two
values, viz., z=+38, and z=—38. This is evidently true since the
square of +38 is 9, and the square of —3 is also 9.

165. A Pure Quadratio Equation always has two roots,
numerically the same, but with opposite signs.

<
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8
2. What are the roots of 22 —36= %— +12°?

SoLUTION.—Clearing the equation of fractions, transposing and
uniting terms, and dividing by 3, as in simple equations, we have
zt=64.

Whence z=+8, and —8.

Solve the following:
3. 62* —48—2z3=96.
4. 2% +9=81.

4r% 418

2 3=
5. 23—3 7 °

6. (22—>5)*=2* —20w+173.
722 —25

—_— .

. 3 =2z% —6§.

8. azt—b=1. e=x4 /112,
a
/]

9., atz®—5%=0, r=4-.
a

Problems.

1. There is a number such that by adding 5 to it for
one factor, and subtracting 5 from it for another fac-
tor, we may obtain 96 for the product. What is that
number ?

Suggestion.,—The equation is (z + 5)z—5)=96, or
»*=25=96.
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From this 2= 411, and 2=—11. Which of these shall we take ?
In truth, both will fulfill the conditions. But as we usually refer
to positive quantities only in such questions, it is customary in
elementary inquiries to neglect the negative roots. They will be
neglected in these problems.

2. Find two numbers such that their product shall be
750, and the quotient of the greater divided by the less,
3%. . .

3. Find a number such that if 4 and } of it be mul-
tiplied together, and the product divided by 3, the quotient
will be 208§ . Ans., 224.

4. Find two numbers which shall be to each other as
2 to 3, and the sum of whose squares shall he 208.
Ans., 8 and 12.

5. A merchant bought 2 pieces of cloth, which together
measured 36 yards. Each piece cost a8 many quarter-
dollars per yard as there were yards in it, and the entire
cost of one piece was 4 times the cost of the other. How
many yards were there in each piece?

Ans., 24 in one, and 12 in the other.

6. A detachment from an army was marching in regu-
lar column, with 5 men more in depth than in front;
but upon the enemy’s coming in sight, the front was in-
creased by 845 men; and by this movement the detach-
ment was drawn up in five lines. What was the number
of men? Ans., 4550.

Suggestion.—If we call the first line # men, there would have
been z+5 lines, and hence z*®+ 52 men in the detachment. The
equation is 22 +52=>5x + 4225.

7. A man lent a certain sum of money at 6 per cent.
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a year, and found that if he multiplied the principal by

the number representing the interest for 8 months, the

product would be $900. Required the principal.
Principal, $150.

Suggestion.—The interest for 1 year is % » # being the prin.

. 2 ] 6z z
cipal ; for gofa.yeantm-gof 100’ or 35"

8. Find three uumbers in the ratio of 2, 3, and 5, the
sum of whose squares is 342.  Numbers, 6, 9, and 15.

Suggestion.—Let 2z, 3z, and 5z represent the numbers.

9. What two numbers are those which are to each
other as 3 to 4, and the difference of whose squares is 28?
Numbers, 6 and 8.

10. Find three numbers in the ratio of m, n, and r, the
sum of whose squares is s.

Numbers, m . S s N 3 ’
YV m24nd4r? m®+n®+rd
p .
r1 ) . -
me +n24re

11. What two numbers are those which are to each
other as m to n, and the difference of whose squares is s?

. s s
Numbers, 77zV me—ne’ n‘/ pos S

12.+The number of rods in the length and breadth of
a rectangular field are in the ratio of 4 to 3, and the
length of the diagonal is 100 rods. How many acres are
in the field ? Ans., 30 acres.
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13. Robert has three equal square lots, If he had 193
square rods more, he would have as much land as would
be in one square lot whose sides are each 25 rods. What
is the length of each side of the three equal square lots ?

Ans., 12 rods.

14. There are two numbers whose sum is 17, and the
less divided by the greater is to the greater divided by the
less a8 64:81. What are the numbers? Ans., 8 and 9.

15. What are the two numbers whose product is a and

quotient 5 ? Ans,, 4/ab and \/;4_!.
16. What two numbers are as m : n, the sum of whose
squares is @ ? Ans mva d nVa

Vi) V)

XXIX.

166. An Affected Quadratic equation is an equation
which contains terms of the second degree and also
of the first, with respect to the unknown quantity.

Thus 23~2z =8, 72—}z = z%v’ and z—1 =z’-;3z

quadratics.
167. In order to solve an affected quadratic equation,

, are gffected
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we need to observe carefully the square of a binomial,
To this we will attend before attempting the solution of
such an equation.

1. What is the square of 2+2°?
Of how many terms does the square of a binomial con-
sist ?
What is the first term ?
What the second term ?
What the third term ?

2. What is the square of z—5?
Same questions as above.

3. What is the square of z+a?
Same questions as above.

4. What is the square of z—a ?
Same questions as above.

5. If 2% +42 is the first two terms of the square of a
binomial, what is the third term ?

What is the first term of the square of a binomial ?
Then what is the first term of the binomial, the first
term of whose square is z® ?

What is the second term of the square of a binomial ?

Then half the second term is what ?

It then 2z is the product of the two terms of a bino-
mial, and the first term of the binomial is :i, what is the

3econd term of the binomial ?

6. If 2* —18z is the first two terms of the squara of a
binomial, what is the third term ?
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Will z—4 squared give z* —182 for the first two terms
of the square ? *

Will z—2 squared give these?

Will z+3?

Will z—3?

7. If 2* —6z is the first two terms of the square of a
binomial, what is the third term ?

8. What is the square ofz+}a?

9. What is the square of z—{a?

10. If 2® +az is the first two terms of the square of a
binomial, what is the third term ?

‘What is the binomial of which z* +az is the first two
terms of its square?

11. Whatis the binomial of which 2% —az is the first
two terms of its square ?

12. Is the first term of the square of a binomial
ever —? .

Is the third term of the square of a binomial ever — ?

When is the middle term of the square of a binomial
+,and when —?

168. If x* +ax, or x*—ax, is the first two terms of
the square of a binomial, the third term of this
square is the square of half the co-eficient of x and is
always +.

13. According to this principle tell what the Completed
Square is in each of the following :
«% 4 82. . Completed Square, z* +8z+ 16.

[ TR,
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z3—10z. Completed Square, z% —10x+ 25.
¢ 23 +12. :

z2 —122.

2 +202z.

z% +162.

% —52. Completed Square, z%—5z+ 3§,

z* +32. ;

2% +2. . What is half the co-eflicient of z ?

zt—Tz.

2% —2z. .

2 Im3
z®—3maz. Completed Square, 2% —3mz + -
z3 + ?—:z. Completed Square, 23 +2Taa;+;—:.
% — 21': Completed Square, z* —%x + %7:’.
2% 4+ (a—b)z. Whatis the square of } the co-efficient

ofz?
g Imte,
2 R
z* +%+7—;—‘1x. Completed Square, z3 +%:le+ (‘{;:2’

14. What is the square root of the completed square
of the following:

z?—62? Square Root of C. Sgr., z—3.

% +24x? Square Root of C. Sqr., z+12.

7% +142?

z*—2z?

28 —z?

z8+2?

z3—11z? Square Root of C. Sqr., z—1).

9
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z8 +9z?
z8—az?
224 §z?
z'—gz?

)
z’-l--zl;-gz?
z'—a’b_lz? Sgquare Root of C. Sqr., x—‘—%;—l-.
z$ +2—ma:?

a
z8 -7z ?
zt—}2?
y$—amy?
y*+mty?
yr—inty?

169. If x* +ax, or x3—aX, 18 the first two terms of the
square of a binomial, the binomial is x +, or —, Lalf the
so-efficient of x in the given expression, + when the sign
of ax 18 +, and — when the sign is —.

Solution of Affected Quadratics.
1. Given 2% 4+ 102=24 to find the value of z.

SoLuTION.—Adding 25 to each member, which will not destroy

the equation, it becomes
z* +102+25=49.

Extracting the square root of each member, since the square

roots of equal quantities are equal, we have
z+5=="7.

Henoe, 2=7-b5, and —7-5,
or =2, and-13,
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170. We see from this solution that an affected
quadratic has two roots, or values of the ypknown
quantity.

2. Find the values of = in the equation 2% —6x=135.

SoLuTION.—Completing the square of the first member by add--
ing 9 to it, and also adding 9 to the second member so as to pre-
serve the equality of the members, we have

2t —6z+9=144.

Extmcting' the square root of each member, which does not
destroy the equation, since the square roots of equal quantities are
equal, we have

z—8=+12.
‘Whences, 2=12+38, and —12+38,
or =15, and —-9.
22 +4 246
3. Solve 5n 4"

SOLUTION.—Clearing the equation of fractions, we have
2% +8=2* +6z.
Transposing the terms containing # into the first member and
the known terms into the second, we have
2t —zt —6r=—8.
Uniting similar terms, we obtain
ot —6r=—8.
Solving this as before, we find =4, and 2.

1 29
4. Solve 9z+-= —+4.
x z
SoLuTION.—Clearing of fractions, transposing, and uniting terms,

we have
9z2 —42=28.
Dividing each member by 9, we obtain
g —i‘z=’f'.
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Completing the square,
2 —fa-+ (1) =+ =4
Extncting the square root of each member, we have
z—3=+14f.
Whence, =2, and —4t,

Nore.—1It is not best actually to square the half co-efficient of z
18 added to the first member, but only to tndicate its square.

From thesc examples we infer the following rule for
solving affected quadratics :

171. RULE.—Ist. Reduce the equation to the form
x* +ax=b.

2d. Add the square of half the co-efficient of the
second term to both members of the equation.

8d. Extract the square root of each member, thus
producing a simple equation from which the value
of the unknown quantity is found by simple trans-
position.

DEM.—By definition, an Affected Quadratic Equation contains
but three kinds of terms, viz., terms containing the square of the
unknown quantity, terms containing the first power of the un-
known quantity, and known terms. Hence each of the three kinds
of terms may, by clearing of fractions, transposition, and uniting,
as the particular example may require, be united into one, and
the results arranged in the order given. If, then, the first term,
i. ¢., the one containing the square of the unknown quantity, has
a co-efficient other than unity, or is negative, its co-efficient can be
rendered unity or positive without destroying the equation, by
dividing both members by whatever co-efficient this term may
chance to have after the first reductions. The equation will then

take the form z® taz=1b. Now adding (g) * to the first mem-

ber, makes it a perfect square (the square of wig), gince a tri
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nomial is a perfect square when one of its terms (the middle one,
az, in this case) is + twice the product of the square roots of the
other two, these two being both positive. But, if we add the
square of half the co-efficient of the second term to the first mem-
ber to make it a complete square, we must add it to the second
member to preserve the equality of the members. Having ex.
tracted the square root of each member, these roots are equal,
since like roots of equals are equal. Now, since the first term of

. ]
the trinomial square is 2%, and the last (%—) does not contain z,

its square root is & binomial consisting of 2+ the square root of its
third term, or half the co-efficient of the middle term, and hence a
known quantity. The square root of the second member can be
taken exactly, approximately, or indicated, as the case may be.
Finally, as the first term of this resulting equation is simply the
unknown ,quantity, its value is found by transposing the second
term.

172. Solve the following affected quadratics, verifying
those to which the answers are not given.

1. 22 —15=45—4z. =6, and —10.
2. 22 —6zx+9=1,

-~ 3. 22=8z+9.

b —3z

4. 5z—23= z=>5, and —1,

VERIFICATION.—To verify the value 2=5, we have

5.5_23=2_§__3_’5 .
v 5
25—8.5

6

Now 5.5—23 is 2 ; and is also 2, hence the equation is

true for z=5.
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To verify the value z=—1, we have
25—-8x(—1)

a .
Now bx(—1)—23 is —5—23, or —28.
25—3 x(—1) is 2548

-1 -1
Hence the equation is true for 2=-—1.

5. z+4=13 — Z:c_;—§ z=4, and —2.

5 x (—1)—28=

And or —28.

2 z
8373
Bz _ 15—z

20 ~ z—6°

+ 203=42%. z="1, and —64.

8 z __x+3
*z+8 2z+1°

T
‘z+60 32—5°

10. 3z —408=22.
11, —12 4+ 61lz=>22.

3z—6 5z — 3:1:—3
2 z—3 °

12. 2z + =4, and —1.

1121 —4z _
e

13. 3= 2

14. z2 + 62=>55.
15, 22 —5z=".

SoLuTioN.—Completing the square, we have

5\t 53
2 _ o)y = =
z 5a:+(2) =7
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—_—

Extracting the sqaare root, z —-:— = % 248 = :l:% ¥58.

Hence a,'=g— + %4’53.

In such a case as this, 1. e., when the second member of the equa-
tion 18 not a perfect power, after the square of the first member has
been completed, we may leave the result in the form above, or extract
the square root of the member underthe radical to any required de-

gree of accuracy.
5+7.28 5—-7.28

Thus, #53=7.284. Whence e="—3"=, and —5=,or
6.14, and —2.14, approximately.

16. 22 +42=11. =18+, and —5.8+.
z—2 2

17. 5 =zt 1. z=8.22, and —1.22, nearly.

18. 3—5z+228=". ' z= %‘@
22 —o __a® +79:

19. 3 1

20. z® —4z=—20. =24V —16.

Nore.—Buch an expression as ¥ —186, 4. e., the indicated square
root of a negative quantity, is called An Imaginary Quantity.
You observe that we cannot obtain the square root of a negative
quantity, for the square root of a quantity is a quantity which
multiplied by itself produces the given quantity. Now, no real
quantity multiplied by itself produces a negative quantity. Thus,
it we attempt to get the square root of —16, what shall we call it?
Is it +4? No; since +4, squared, is +16. Is it, then, —4?
No; for —4, squared, is +16. But, (+4)x(—4)=—16. Is not
one of these factors, then, the square root of —16? No; since
the factors must be equal, and +4 and —4 are not equal.
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178. An imaginary quantity is an indicated even root
of a negative quantity.

21, 7' —10z=—40. z=5+4+/—15.
22. '+ 8z=-50. z=—41+,4/34,
z b

Btz

SoLUTION. —Clearing of fractions, 2 —be=bz + ab.
Transposing and uniting, z*—2bz—ab.
Completing the square, P—be+b=ab+0*,
Extracting square root, e—b=1+ Yab+
Transposing, . z=b+ Vab+?¥.

m'z*

4. a*+0—2bz+4+2 = ok

SoLuTION.—Clearing of ﬁ;;wtiona, a'n® + B0t —Wn'z + n'P=m2*
Transposing and uniting, (n’—m’)z‘—%n.‘zz —a'n*—bn?
2bn* _a'nt+b%f

Dividing by the co-efficient of 2%, 2°— o e Ll e B8

Completing the square,
2bnl b”! e b!nl alnl +b!"1
T — ——T+ = It
nt—m?® nt—m? (n*—m?) nt—m?

Uniting terms in second member,
2bn1 bni 1 _ n’(a9m§ +b9n0 —a’n’)
T at —m? z+ ns —m') - ®*=m?®)* .
Extracting square root of each member,
e
z— n? £3 —“—m—, Ya*m* +b*n*—ant.

—ms . T pto

z8

Transposing and factoring,
= nT—n—JF {bn:t Va’m‘+b‘n’-—a’n'} .

Ed
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—b+ 4 4ac+b?
25. ax® +bx=c. z= + .
26. 2az—2z%=—2ub—b%. z=2a+b,and —b.

7. z® 4+ azx=0b.
28. z® —azr=>.
R9. 2% +azx=—0b.

30. 2% —az=—b.

XXX.

PROBLEMS PRODUCING AFFECTED QUADRATICS.
1. Divide the number 56 into two such parts that their
product shall be 640.
Suggestion.—The equation is (56 — z)z = 640. The parts are
40 and 16.

2. Divide a into two such parts that their product shall
bem. Deduce from the result the results in the preceding:

Suggestion.—The equation is (a—z)x=m. The parts are

a+ Yat—4am and &~ VYai—dm
3 2

3. The difference between two numbers is 6, and the

“sum of their squares is 50. What are the numbers ?

Ans., 7 and 1.

4. The difference between two numbers is d, and the
9*
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sum of their squares is s. What are the numbers? De-
duce the results in the last from these answers.

—d+42s—d? . d+4/2s—d®
v 3 s .

Ans. nd )

5. A nursery-man planted 8400 trees at equal dis-
tances, in the form of a rectangle, having 50 trees more
in front than in depth. What was the number in front ?

Ans., 120 trees.

6. Divide s into two such parts that their product
shall be n times their difference. Find from the literal
or general answers, the answers when 30 is the number
and their product is 8 times their difference.

Literal Results, z=}(s+2n++/s* + 4n?),

Quenries.—Would it be consistent with the problem to take the
value of z as }(s+2n+ ¥3* +4n°)? Would this make, which is
one of the parts of s, greater or less than 8? z being one of the
parts, and its value being }(s+2n— ¥3"+4n?), the other part,
8—z, is i(a—2n+ Vc—'-f-_tin').

7. The ages of a man and his wife amount to 42
years, and the product of their ages is 432. What is the
age of each? Ans., Man’s, 24 years; wife’s, 18 years.

Queries.—Which of the above problems is essentially the same
as this? Which of the general (literal) answers will give the an-
swer to this by merely substituting the numerical values as here
given?

8. A is 4 years older than B; and the sum of the
squares of their ages is 976. What are their ages?
' Ans., A’s age, 24 years; B’s, 20 years.
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Queries,—Which of the above problems is essentially the same
as this? Which of the general solutions above covers this ?

9. A merchant has a piece of broadcloth and a piece
of silk. The number of yards in both is 110; and if the
square of the number of yards of silk be subtracted from
80 times the number of yards of broadcloth, the differ-
ence will be 400. How many yards are there in each
piece? Ans., 60 of silk; 50 of broadcloth.

10. A merchant bought a piece of cloth for $45, and
sold it for 15 cents more per yard than he paid. Though
he gave away 5 yards, he gained $4.50 on the piece.
How many yards did he buy, and at what price per yard ?

Ans., 60 yards, at 75 cents per yard.

Suggestion.—Let z=number of yards; the equation is
($+15)(z—5)=4500+450.

11. A person being asked his age, answered, “ My mother
was 20 years old when I was born, and her age multiplied
by mine exceeds our united ages by 2500.” What was his
age? Ans., 42 years.

12. The length of a certain field exceeds its width by &
rods; and its area is 768 rods. What are the dimensions
of the field? A4ns., Length, 32 rods; width, 24 rods.

Queries.—Which of the above problems is essentially the same
as this? Deduce the answers to this from the general results in
the corresponding problem above.

13. A man bought a number of sheep for $240, and
sold them again for $6.75 apiece, gaining by the bargain
as much as 5 sheep cost him. How many sheep did he
buy? Ans., 40.
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Suggestion.—Letting z=number of sheep, cents=cost

of 1 sheep, a.ndl—;—= amount gained by the bargain.

14. A person invested a certain sum of money for
goods, which he sold again for §24, and thereby lost as
many per oent. ag equaled the number of dollars invested.
How much did he invest? Ans., 840, or $60.

15. A man sold a horse for $312.50, and gained one-
tenth as much per cent. as the horse cost him. How
much did the horse cost him? Ans., $250.

Suggestion.—One-tenth the cost is —, letting z=the cost.

10

Hence his gain was 1—0® of the cost. The equation is

1000 =3812.5—2.

16. A set out from C towards D, and traveled 7 miles
an hour. After he had gone 32 miles, B set out from D
towards C, and went each hour % of the whole distance;
and after he had traveled as many hours as he went miles
in one hour, he met A. Required the distance between

the two places. Ans., 152, or 76 miles.
Suggestion.,—Letting z = the distance from C to D, 1—9 =B's
distance per hour, and also his tlme. The equation is
. 2t
32 + (19)1 =z

17. A certain number consists of two figures whose
sum 18 12; and the product of the two figures plus 16 is
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equal to the number expressed by the figures in inverse
order. What is the number? Ans., 84.

18. Find two numbers whose sum is 8, and the sum of
whose cubes is 152. -

19. Two travelers, A and B, set out to meet each other,
A leaving the town C at the same time that B left D.
They traveled the direct road C D, and, on meeting, it
appeared that A had traveled 13 miles more than B;
and that A could have gone B’s journey in 15} days, but
B would have been 28 days in performing A’s journey.
What was the distance between C and D ?

Suggestion.—Letting z—=number of miles A traveled, the
equation is

63z _ 28(z—18)
4z—18) — z
or 9zt —=16(z—18)%,
whence Sr=4(z—18).

20. A merchant bought a piece of cloth for $120, and,
after cutting off 4 yards, sold the remainder for what the
whole cost him; by which he made $1 a yard on what
he sold. How many yards did the piece contain ?

rCovooow rsrxuunuuuunuuu > O o)
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XXXI.
FREEING EQUATIONS OF RADICALS, ~

1. Given 10+4/2z+9 = 15 to find the value of z.

SoLUTION.—Transposing and uniting so that the radical shall
constitute one member, we have
Y22+9="5
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Squaring each member, which will not destroy the equation, since
the squares of equal quantities are equal, we find

2 +9=25.
Hence z=8.

2. Given 9+_|3x5+ 4=10 to find z. Verify.

3. Given3 v 2§i~2 —24=2 to find z.

Suggestion, —The successive transformed equations are
3¥27+27—11=10,
8422 +27=21,
¥22327=", ete.

4. Qiven 24/2—4=4/2z to find z. 2=8.

Suggestion.—Square each member. The square of 2 ¥2—4
is 4z—16.

5. Given 4/ 72—13=4/91—z to find 2. Verify.

6. Given v/z—16=4/z—2 to find z.

Suggestion.—Squaring, 2—16=2—4V2+4
Transposing and uniting 4Vz=20.
Dividing by 4, Vz=5
Squaring again, =25

7. Given 2+:c=‘\/4+$\/@+—x! to find z.
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Suggestion.—The successive transformed equations are
442 =4+2V6d+ 2T,
dptat=z¥Bita,
44z = Vbita?,
16+8z+2% =64 +a°,

8. Given 4//z+13+ 1/5=13, to find z. Verify.

9. Given Vz—32=16—4/z, to find z. Verify.

10. Given v/z+a=>b+4/7, to find =.
_(a_b’)l‘

=g

Find the value of z in the following, which are pure
Quadratics after being freed from radicals.

11. 24—4/22® +9=15. 2=6, and —6.
12. 13—4/32% +16=5. Verify.

13. 2/ 6+a%=1+2a8. z=%, and —4.
14, vVa+z+Va—z=b z= :i:g'v‘}a—b'.

Suggestion.—Squaring, a+2+23Vat—2? +a—z=>%
Whence 2¥a? —a2*=b*—2a.

b
15. 2/ a+22=b+2%. z=ﬂ:‘-‘_—2bVa—-2b.
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Find the value of the following, which are affected
Quadratics after being freed from radicals.

16. 2+ 5—+2+5=6. z=4, and —1.
Suggestion.—The successive transformed equations are
Yz1b=2—1

z4+0=2*—22z+1, etc.
17. z4+16—7Vz+16=10—44/Zz+16. z=9and —12.

Suggestion. 3Vr+16=2z+6.

18. V6—uw=2 ;. =4, and 2.
_— P -
19. $V/7—2= 937*1. z=12, and —11}.
20. vz x 4/52—20=+/Tr—34. z=3%, and 2, :
Problems.

1. The ages of two brothers are such that the age of
the elder plus the square root of the age of the younger
is 22 years, and the sum of their ages is 34 years. What
is the age of each ? Ans., Elder, 18; younger, 16.

2. A man said that he had sold such a part of his .
farm that, if he had sold § more of it, he would have sold
the square root of what he did sell plus its square. What
part did he sell ? Ans., §.

The equation is z+§= Yz+2%
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3. What number is.that expressed by two digits which
are in the ratio of 1 to 2, and the square root of whose
sum is vy of the number itself?

4. What number is that to which, if 1 be added,
the square root of the sum is equal to § of the difference
between the square root of the number and 1?

Yz—1
8
nary. This means that there is no such number.

5. What number is that to which if 33 be added, the
square root of this sum increased by the square root of
the difference between the number and 63 is 12 ?

The equation is ¥z+1= . From which we find 2 {magi-

6. If 4 be subtracted from a father’s age, the remainder
will be thrice the age of the son; and if 1 be taken from
the son’s age, half the remainder will be the square root
of the father’s age. Required the age of each.

Father’s, 49; son’s, 15.

7. A young lady being asked her age, answered, “If
you add the square root of my age to § of my age, the
sum will be 10.” Required her age.

8. A stranger asked the distance to a certain place
and was told that twice the square root of the distance
exceeded 5 miles by twice the reciprocal of the square
root of the distance. The stranger replied that this
answer was ambignous. Why was it so?
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j\u QUATIONS

SIMULTANE—i\- OUS, WITH TWO
UNKNOWN QUANTITIES.

SECTION XXXII.
One Simple Equation and one Quadratic.

1. Given 2z—5y=11, and 2®—y+10=3324149, to
find z and y.
SoruTiON.—Here we have a Simple Equation and a Quadratic.

Putting the equations in their simplest form (the simple equation
is in such form), we have

2—by=11, and 2'—y—BP=189.

Finding the value of one of the unknown quantities, as z, from
the Simple Equation, we obtain, z_ll +5y
— 2 .

Substituting this in the Quadratic, we have
121 + 110y +
40]{ 25" y—38y*=139.

Clearing this of fractions, transposing, and uniting terms,
) 18y + 106y —435.
Solving this affected Quadratic, we find

145
y—.8, and —ﬁ.
Substituting these values of y in the value of z found from the

simple equation, we find that
145 201

for y=8, =13, and for =15’ =13

174, It is very important that the pupil observe how
the values of the unknown quantities are related to each
other; thus, in this case, y=3 and =13 are correlative,
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291

and will satisfy the equation. But y=3 and z=— STH

will ot satiafy it; neither will y=—12 and z=13

But y= —-1%‘—35 and z=— 2—19?71- will satisfy the equation.

176. Two equations between two unknown quan-
tities, one of the first degree and the other of the
second, may be solved as a Quadratic by finding the
value of one of the unknown quantities in the sim-
ple equation, substituting this valuein the quad-
ratic, and solving the resulting equation.

Solve the followin g:

1 z+y=9, } 2=3, y=6; and
z% +y* =45, =6, y=3.

2 z+2y=", } z=3, y=2; and
z% + 3zy—y® =23, z=15%, y=—4}.

8. z—y=-2, z=—1%, y=1%; and

y _3zy } =9 y—

:v+10— 10" =2, y=4.

4. 22+y=10, } z=5}, y=—}%; and
2® —zy=>54—3y°. z=3, y=4.

176. In solving such equations, care should be taken
that the values be given in the proper order. The First
Roots are those which arise from taking the + sign of
the radical in solving the Quadratic.
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5 _ The values of z are —3 and 8; and
. :: z -—:: 13 } ofy3and —8, which is the First pair
¥*=T73-) of values? Which is the gecond ?

6. z—y=>5,

is the corresponding value of y? What
zy=36.

Is the first vaine of z 9, or —4? What
% the other values ?

¥, 3z3=24—2y,
1—2y §Verify.

z—y=__5_—,
8 Tz+4y=23, .
A2 } Very.
9, az+dby=c, | - z=0:?:‘V 0;;'4abd .
zy=d. y=G:F A/ c;b-— 4abd ]

Two Homogeneous Quadratics.

177. A Homogeneous Equation is an equation in which
each term into which the unknown quantities enter
has the same number of unknown factors.

Th‘:M?y=8, and 2* —2zy + y* =4 are homogeneous ; but 2z+y=7,
and &* -+ 8zy—y* =23, are not homogeneous with each other, though

each is homogeneous in itself. 5z—2zy=10 is not homogeneous,
nor is 2® —zy +y=81.

Solve zy=8, and z®—2zy+y®=4.
SOLUTION.—Let y=0z, v being an unknown multiplier which it

will be our pu ¢ nOw? .
oz for g, purpose to determine. Substltntms in both equations
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the first becomes 0z* =8, ®
and the second, ' —202t + 0%z =4. ).
8 4
L P S — —
From (3) = and from (4), & S

Placing these values of #* equal to each -other, since the equa-
tions are supposed simultaneous,

8 4 2 _ 1
1210’ Mo T-240t
Solving the last we find
2—4v+220% =0,
0% —So=—2. -
‘Whence v=2, and }.
Taking the former, (8) becomes 2z°=8 ;
whence z=4+2, and y=vz,
gives y=14

The value v=4 would simply exchange the valuesof = and y,
making =44, and y=+2.

178, Two Homogeneous Quadratic Equations between two
unknown quantities can always be solved by the
method of quadratics, by substituting for one of the
unknown quantities the product of @ new unknown
quantity into the other.*

Solve the following by the above method, being sure to
observe which values of z and y go together. The
numerical values will be written in the margin without
indication as to which of the unknown quantities they
are the values of, or as to their order:

1. 2% 42y =60, } 5, —5, 124/2, —124/2,
zy+2y*=133. P2, —124/?, -7, +1.

* Of course such equations can be solved without this expedient,
and some of them by more elegant methods, but this form of solu:
tion is of great practical unportance and should be familiar,
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2. zy—5y'=—102,} 6, 13, —6, —13,

3. 22:’—-3:1:3/:56,} +3, +8, omitting the seeond

7t —2y*=97. omitting thenegative value of v.

zy — y* =15.) value of v.

4. 2% — a:y:ﬁ,} +2, =2, +4V7, —4V7,

2y® +3zy=8. +3V -7, +1, —L
5. 52% —32y=>56, }
5yt + zy =28.
6. 42%=32y—2, !
z% + y* =5, }

1. 2% +zy =12,

zy—2y®=1. } ‘

8. 3.8 —3zy+y®=21,

20y=3y® + 22 —19, }

Problems.

1. If a certain number, consisting of two places, be

divide@ by the product of its digits the quotient will be

%, and if 27 be added to it, the digits will be in an in-

verted order ; required the number. Ans., 36.
2.

angle, is 112 rods, and its area is 720 square rods. What
are the length and breadth of the rectangle ?

The perimeter, or sum of the four sides of a rect-

Ans., 36, and 20 rods.

3. The fore wheels of a carriage make 2 revolutions

»




SIMULTANEOUS QUADRATIC EQUATIONS. 215

more than the hind wheels in going 90 yards; but if the
circumference of each wheel is increased 3 feet, the car-
riage must pass over 132 yards in order that the fore
wheels may make 2 revolutions more than the hind
wheels. What is the circumference of each wheel ?
Ans., Fore wheels, 13} feet; hind wheels, 15 feet.

4. A and B start at the same time, from two different
points, and travel towards each other; when they meet
on the road, it appears, that A has traveled 30 miles more
than B. It also appears, that it will take A 4 days to
travel the road that B has come, and B 9 days to travel
the road that A has come. Find the distance of A from
B, when they set out. Ans., 150 miles.

5. Two persons, A and B, depart from the same place,
and travel in the same direction; A starts 2 hours before
B, and after traveling 30 miles, B overtakes A ; but had
each of them traveled half a mile more per hour, B would
have traveled 42 miles before overtaking A. At what
rate did they travel ?

Ans., A 2}, and B 3 miles per hour.

6. The area of a rectangular field is 1575 square rods;
and if the length and breadth were each lessened 5 rods,
its area would be 1200 square rods. What are the length
and breadth ?

7. A man had a field 4 times whose length equaled
6 times its breadth. He gave 3 dollars a rod to have it
fenced ; and the whole number of dollars was equal to
the number of square rods in the field. Required the
length and breadth of the field.
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8. What two numbers are those whose difference is 8,
and the sum of whose squares is 544 ?

9. Divide the number 100 into two such parts that the
sum of their square roots may be 14. -

Suggestion.—Let 2* and y* be the numbers.

10. The product of two numbers is 12, and the sum of
éueir cubes 91,  'What are the numbers? .

11. Divide 18 into two parts such that the square of
the first divided by the second, plus the square of the
second divided by the first, shall be 37.

12. The product of two numbers is a, and their quo-
tient is 3. What are-the numbers ?

Ans., 4/ab,and ‘/%,

13. The sum of the squares of two numbers is @, and

lt)l‘:e (;iﬂ‘erence of their squares is & What are the num-
T8

Ans., a_;-_b’ and (_‘_;_i’

14. Divide a into two such parts that the sum of their
8quare roots, shall be 3.

The parts are -
a+bv2a—5* a—bN2a—8
3 , and 3 3

— e
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179. An Arithmetical Progression is @ series of numbers
which increase or decrease by a common differ-
ence, a8 3, 5, 7, 9, 11; or 28, 23, 18, 13, 8.

180. A Progression is Increasing or Decreasing according as the
terms increase or decrease in passing to the right. The terms
Ascending and Descending are used in the same sense as increasing
‘and decreasing, respectively. In an increasing Arithmetical Pro-
gression the common difference is added to any one term to produce
the next term to the right; and in a decreasing progression it is
subtracted. An A, P. is indicated thus, 8..5..7..9..11, etc.

181. There are Five Things to be considered in any progression ;
viz., the first term, the last term, the common difference or the
ratio, the number of terms, and the sum of the series, either three
of which being given the other two can be found, as will appear
from the subsequent discussion.

1. Write 10 terms of the increasing Arithmetical Pro-
gression whose first term is 3 and common difference 5.

Seven terms of one whose first term is 1 and common
difference 2.

2. Write 8 terms of the decreasing A. P. whose first
term is 123 and common difference 4. Five terms of
one whose first term is 343 and common difference 20.

Queries.—In an ascending A. P., how many times must the
C. D. (Common Difference) be added to the first term to produce the
5th? The 7th? The 15th? In a decreasing A.P., how many times
must the C. D. be subtracted from the first term to produce the 6th
term? The 11th? The 20th?

3. . Write 10 terms of an increasing A. P. whose first
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termisaand C. D.d. What is the 10th term? What
would be the 13th ? The 24th ?

182. The Last Term of an Increasing arithmetical pro-
gression is equal to the first term + the common
difference taken as many times as there are terms
less 1.

Thus the 5th term of the 1st series above is 3 44 times
2 =11.

The last term of a Decreasing arithmetical pro-
Sression is equal to the first term — the common
difference multiplied by the number of terms
less 1.

Thus the 5th term of the second series above is 28 —
4 times 5 = 8.

4. If a is the first term, d the C. D. and # the number
of terms, and / the last term, show that
l=a+(n—1)d. (1)

When the progression is decreasing, we have
simply to regard d as minuws.

5. Apply formula (1) to find the last term of the
increasing A. P, when ¢ =7, n = 42, and d = 11
When ¢ = 13, n = 150, and d = 17.

6. Apply formula (1) to find the last term of a decreas-
ing A. P. when a = 247, » = 13, and d = 15. When
a=437,n = 2l,and d = —17. When a = 28, d =
—12,and » = 8.

In the last case we have I = 28 — 7 x 12 = 28 — 84 = —586.

7. If the first term is 2, the last term 32, and the C. D.
3, what is the number of terms?

~
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SoLUTION.—Substituting in the formula I = a + (n— 1)d, we
have 32 = 2 + (n —1)8. 'Whence, solving for n, we have n = 11,

8. A man going a journey traveled the first day 7 miles,
the last day 67 miles, and each day increased his journey
by 4 miles. How many days did he travel ?

9. A man traveled 16 days, going 4 miles the first day
and 67 the last. What was his daily increase of rate,
supposing it uniform ?

10.* A certain river is 150 miles long; its source is
927} ft. above the level of the sea, and its mouth 421% f%.
What is the average fall per mile ? Ans. 3.4 ft.—.

183. The first and last terms are called the
Extremes of a progression, and the others the Means.

11. Imsert 4 arithmetical means between 17 and 57.

As there are 2 extremes and 4 means in the required series, there
are 6 terms. Hence we know the first term, (17), the last term, (57),
and the number of terms, (6), and can find the C. D. The means
are 25, 83, 41, 49.

12. What is the arithmetical mean between 5 and 7?
23and 11? 17 and 22°? )

184. The formula for inserting a given number
of arithmetical means between two given ex-

tremes is
l—a
d_m+1’

in which m represents the number of means. From

* If teachers need more examples for class drill than are here
supplied, they will find the Author’s “ TEST EXAMPLES IN ALGE-
BRA ” a satisfactory resort.
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this d, the common difference. being found, the
terms can readily be written.

DEM.—If a is the first term and ! the last, and there are m termsa
between, or m means, there are in all m'+ 2 terms. Hence, substi
tuting in the formula ! = @ + (n — 1)d, for n, m + 2, we have

!=G+(m+1)d Fromthisd = "%,
m+1
13. Insert 10 arithmetical means between 127 and 3.
7 between 155 and 128. 2 between 3 and 4. 5 between
58 and 88.

14. A wishes to place 26 trees in front of a lot 300 f%.
on the street, placing the trees at equal distances from
each other, and one at each corner. How far apart must
he place them ?

This is a very simple question, but the purpose is to have the
pupil apply the formula I = a + (» — 1)d to its solution.

15. Show that 2%z — 1 represents the nth odd number,
and 27 the nth even number.

185. The formula for the sum of an Arithmetical Progres-

sion is

8 representing the sum of the series, athe first term,
I the last term, and n the number of terms.

DeM.—If ! is the last term of the progression, the term before it
is I — d, and the one before that ! — 2d, etc. Hence, as a..a+d..
a+2d..a+8d------ ! represents the series, !..l—d..l— 2d..
—8d----- a represents the same series reversed. Now the sam
of the first series is
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8 =at+@+d)+@+2d)+ - - - ( =2+ —d)+1;
and reversed 8 =1 +( —d)+( —2d)+ - - - (@a+2d)+@+d)+a
Adding 28 = (e+)+(a+O)+@+)+ - - (a+)+(a+D)+(a+1)
If the number of terms in the series is n, there will be n terms in
this sum, each of which is (@+¢); hence 28 = (a+1)n, or

_[a+?
$= [_2‘] ke
1, If the first term is 5, the last term 23, and the num-
ber of terms 7, what is the sum of the series ?

2. What is the sum of the first 13 odd numbers? Of
the first 13 even numbers ?

3. Show that the sum of the first #» odd numbers is n2
Of the first #» even numbers is %24 n.

4 Apply the above to find the sum of the first 17 odd
numbers. The first 20 even numbers.

5. Show thet § (n?+n) is the formula for the sum of
the first # natural numbers, and hence that this sum is }
the sum of the first # even numbers.

6. Show that the common clock strikes 156 strokes in
24 hours.

7. A 10% note for 8300, bearing annual interest, has
been running 8 yr. and no interest has been paid. What
is due, allowing simple interest on the deferred payments
of annual interest ?

The 8th years interest is $30, the 7th $33, the 6th $36, etc.
Hence the interest is an arithmetical progression of 8 terms of
which 30 is the first and 8 the com. diff The last term is therefore
51, and the sum (81332) x 8 = 824. Amount of note $624.

8. Show that on such a note as the above the interest
on the interest is § (#? —u) 7°p, » being the number of
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years, r the rate (represented as 100ths), and p the prin-
cipal ; and hence that p+ nrp+} (n*—n) *p, or
pil+tar [1+4(n—1)r]}

is the formula for the amount of such a note.

Apply the formula p{l4nr[1+4(n —1)r]} to the
two following : .

9. On a note for $150 bearing annual interest at 7%, the
debtor had neglected to pay the interest for 3 yr. Allow-

ing simple interest on the deferred payments, what was
then due on the note? Ans., $183.71.
10. On the same principle a8 in the last, what is due
on a note for $525, bearing 6% annual interest, the
interest payments having been deferred 4 years ?
Ans., $662.34.

1L A body falls 164 feet the 1st second, 3 times as
far the 2d second, 5 times as far the 3d second, and so
on; how far does it fall in 20 seconds? Ans., 6433} /7.

12. If a body fall n feet the 1st second, 3n feet the 2d,
5n feet the 3d, and so on, how far will it fall in ¢ seconds ?
Ans., t*n feet.

186. Formulas
1=a+(n-1)d, 811

a+1
and s = [T n, . @)
being two equations between the five quantities a,

I, n, d, and 8, any three of these being given, the
other two can be found.

1. If a = 3, s = 465, and d = 4, find n and 1.
QIfa=3,1=159, and d = 4, find » and s.
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If n =15, ] = 59, and s = 465, find a and d.
If a = 3, n = 15, and s = 465, find 4 and .
Ifa =3, n =15, and I = 59, find d and s.

If I =59, d = 4, and s = 465, find @ and n.
If e = 3, ] = 59, and s = 465, find » and d.
Ifd =4, n = 15, and s = 465, find ¢ and /.
It 1 =59, d = 4, and n = 15, find ¢ and s.
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- XXXI1V. '
187. A Geometrical Progression 7s @ series of numbers
which increase or decrease by a common muwlti-

_ plier, called the Rate. If the rate is more than 1

the series is increasing; if less than 1 it is de-
creasing.

Thus 3, 9, 27, 81, 243, is an increasing geometrical pro-
gression, rate 3. 6561, 729, 81, 9, is a decreasing geo-
metrical progression, rate }.

1. Write six terms of a geometrical series whose first
+erm is 2 and rate (often called ratio) 3.

2. Write 5 terms of a G. P. whose first term is 1
and rate §. One whose first term is 5 and rate 3.

3. Write 8 terms of a G. P. whose first term is a
and rate 7.
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Query.—Does it make any difference in the form of the last
progression whether r is integral or fractional ?

188, The sign : is used to indicate that numbers are in a G. P
Thus, 5: 10 :: 20 : 40, etc. The terms ascending, descending, ex-
tremes, and means, are used in a similar way in both arithmetical
and geometrical progressions.

189. The Formula for finding the' nth or Last Term
of a G. P. is

|1 = ar-,
in which I stands for last, or nth term, a the first term,
r the rate, and n the number of terms.

DEM.—Letting a represent the first term and # the ratio, the
series is @ :ar :ar*: ar® :art: etc. Whence it appears that any
term consists of the first term multiplied into the ratio raised to a
power whose exponent is one less than the number of the term.
Therefore the nth term, or ! = ar*',

4, What is the 13th term of 3 :6:12, etc. ? Of 164 :
82 : 41, etc. ?

5. What is the 15th term of }:%1:4, etc. Of1:
& | 70 ete.

190. The Formula for the Sum of a Geometrical
Series is

g 2r"—a
T pr—-1’

in which s represents the sum, a the first term, r the ratio,
and n the number of terms.

DeM.—The sum of the series being found by adding all its
terns, we have
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s=a+ar+ar*+art+ - -ar*+ar~'+ar*"', and multiplying
by 7, r8= ar+ar*+art+ - - a3+ ars—t+arvl o,

Subtracting, re —8 = ar~ — a,

or (r—1p=ar—a,

and - ‘=ar'_-—a.
. re—1

Sua.—The student will notice that multiplying the first series
by 7, and placing the terms of the product under the like terms of
the series, simply moves each term, when multiplied, one place to
the right, so that however many terms there may be in the series,
each will have a similar one in the product except the first term,
a; and each term in the product will have a similar one in the
series, except the last one, ar*

1. What is the sum of 8 terms of the series 3 : 6 : 12,
ete.? Of5:15: 45, eto.

2. What is the sum of 5 terms of §:}: 1, etc.? Of
7T terms of 4: 4: §, ete. ?

3. There being 8 nails in each shoe, what would the
shoeing of a horse “all round” cost at 1¢ for the first
nail, 2¢ for the second, 4 for the 3d, etc. ?

Ans. $42,949,672.95.

4. What would the shoeing of one foot cost at the above
rate? What of two feet ? Ans. $2.55; $655.35.

191. Any term of a G. P. is a Geometrical Mean be-
tween the two adjacent terms.

The term is usually applied when there are but three
terms considered.
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5. Show that a geometrical mean between two num.
bers is the square root of their product.

6. What is the geometrical mean between 4 and 9?7
Between 4 and 16 ? Between 3 and 7°?

7. Show that the general formula for inserting m

m+1
geometrical means betw>en /and a is r = 1/2, r being
the rate.
SoLuTION.—8ince there are to be m means and 2 extremes, there
will be m + 2 terms in all. Now ! == ar* ! ; and as n in this case
m+l sy
(3

ism 4+ 2, we have ! = ar~+!; whence r = z.
a

8. Imsert 5 geometrical means between 7 and 5203.

Suggestion.—The ratio is the 6th root of 5322, or the cube
root of the square root of 729.

192. The formula for the sum of an infinite Decreas-
ing Geometrical Progression ;s

8 = i:; .
DeEM.—Since the terms are growing less and less, when the

series iulextended to infinity / becomes 0; whence the formula
a—lr a
1—-» 1—¢°

1. What is the sam of 1: $: 1, ete, to infinity, i. e.,
extended forever ? Ans., 2.

2 What is § + § + o, etc, to infinity?
3. What is 14 + 2 + 4, etc,, to infinity ?

e A
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4. What is the value of 32 ?*

The repetend .32 is &% + 155 + 1oddsvss €t i. ., an infinite
decreasing. geometrical progression, in which the first term is 4,

d the rate {}4. Henoec:-ﬁ_= ,
o the mie rbo Ty~ W ,

5. What is the value of 2? Of.03? Of.03? Of.035?
Of .025?

Problems involving Progressions.

1. Sum to n terms the A. P. whose rth term is
2r — 1.

Since 7 is general and applies to any term where # = 1, we have
2r — 1 =1, the first term. When r = 2, we have 2r — 1 = 8, the
sécond term. When » = 8. we have 2r — 1 = §, the third term.
The nth term is 22 — 1. Hence the series is 1, 8, 5, - - - to 2n — 1.

Therefore 8 = (§2) n = (25) n = a2,

2. Find the G. P. in which the sum of »# terms is
3@ —1)
3. What is the G. P. whose nth term is s*,

4. There is a number consisting of three digits, which
are in arithmetical progression ; the quotient arising from
dividing the number by the sum of its digits is 26 ; but if
198 be added to the number, its digits will be reversed.
What is the number ? Ans. 234.

* This means .323282 to infinity, and is called a Repetend.
2 = .2922 to infinity, or &+ 135+ 1y to infinity. .08 = 030303
{» infinity, of vy + yoios + Tosdooy to infinity. .08 = 03333 to
infinity, or ¢ of .333 to infinity, or ¢; of the sum of the series & +
l“'ﬁ"'l’ﬂ‘ﬂf to mﬁnity. .
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Let z represent the middle digit and y the C. D. 'L'hen the
digits are z—y, «, and z+y, and the number is 100 (z — 3\ + 10z +

z+y, or 111z — 98y. The equations are lllxszﬂy =26, and

111z — 98y + 198 = 100 (@ +y)+ 10z +2—y = 1112+ 99y.

5. A body near the earth falling by its own weight, if it
were not registed by the air, would descend in the first
second of time through a space of 16 feet and 1 inch; in
the next second through 3 times that space; in the third,
through 5 times that space; in the fourth, through 7
times that space, etc. 'T'hrough what space would it
fall at the same rate of increase in a minute ?

Ans., 57900 feet.

6. Find three numbers in geometrical progression,
whose sum shall be 52, and the sum of the extremes to
the mean, as 10 to 3.

Let z be the first number and y the rate, so that the numbers
shall be 7, oy, and zg8.

7. There are three numbers in geometrical progression
whose sum is 13, and the sum of whose extremes multi-
plied by the mean is 30. Find the numbers.

Let :-;.a;, and oy represent the numbers. Then s+a:+a'y =18,

80

a.ndz(z-my) = 80. Whence §+zy =2 and 2 +%0 = 18, etc.

8. What kind of a series is z, 4/zy, y? What ie
the rate ?

9. What kind of a series is g, z, ¥ "g ? What is
¢he rate ?

At omom
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10. The sum of three numbers in geometrical progres-
sion is 39, and the sum of their squares 819. What are
the numbers ?

Represent the numbers as in Ex. 8,

11. There are four numbers in geometrical progression

whose continued product is 64 ; and the sum of the series
is to the sum of the means ag 5: 2. What are the num-

bers ? Ans, 1,2, 4,8.
Representing the numbers as in Ex. 9, we have ;:xcxyx%’—_—.

2%y = 64, whence zy = 8; md£+z+y+z 24y ::6:2 :—‘+

PPRPRTE PPN Lot SESPRY MY "*”' :8::8;2, #—

zy+3*:8::8:2, a’—8+y’ 8::83:2,22+p°: 8 5:2. Hence we
have to solve zy = 8, and z'+ 3" = 20. From these 22+ 2zy+y* =
86, orz+y = 6; and 2*—2zy+3® = 4,or 2—y = 2.

XXXV.
PERCENTAGE FORMULAS.
193. The Fundamental Formulas of Pei centagde are

p = br, G:
and A=b+br ©
r A=b(1 +0r),

in which b represents the dase, r the rafe (represented in
hundredths), p the percentage, and A the amount.*

* The pupil is presumed to be familiar with Elementary
Arithmetic.
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To produce p = br, we-have but to remember the definitions of
wawe, rate and percentage. This is illustrated by the problem, To
take 8% of 845. Now 8% of anything means .08 of it; hrnce 8%
of 346 is 845 x .08, and the percentage — 845x 08. In the ‘ormula
p = br, » is hundredths.

To produce the second formula we have but to remember the
iefinition of amount. From this, A = b+ br, since b is the base
und br the percentage, and the sum of these two is the amount.

194. The Fundamental Formulas in simple interest are
I = Prt, (¢))
and A=P+I=P+Prt=P(+rt), @

in which P is the Principal, or base; r, the Rate ; t, the
Time in years; i, the Interest, or percentage; and A the
Amount.

DEMONSTRATIONR. 1. When a principal P is put at simple inter-
est at rate 7, for ¢ years, the understanding is that the interest for
one year is 7 times the principal, or Pr, and that for 2 years it is
twice as much as for 1 year; for 8 yr., 8 times as much ; for 8} or
81 years, 8} or 8} times as much as for 1 yr. Hence the interest
for 1 yr. being Pr, for ¢ years it is ¢ times as much, or Prt, and we
bave ¢ = Prt.

2. To produce formula (2) we have but to remember that 4, the
amount, is the sum of principal and interest. Hence A = P+3, by
definition. But as by (1) ¢ = Prt, we have also A = P+ Prt, and
a8 P+ Prt is the same as P (1+7t), we have

A=P+i=P+Prt =P(1+rt).
1. Selling $250 worth of goods at a profit of 124, how
much is gained ? For what are the goods sold ?
Formula 1, (193), gives p = br = $250 x .12 = $30. .
Formula 2, (193), gives 4 = $250 (1 +.12) = $250 x 112 = $280.

2. Selling at a profit of 12%, I make $30. How much
issold ? How much is received ?
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Fromp=br,wehave$30=bx.l2,.’.b=%:m.

From A = b(1+7), we have A = $250 x 1.12 = $280.
3. Selling $250 worth of goods for $280, what per cent
is made?

A = b(1+7), gives $280 = §250(1+7). .. r = .12, and the rate
per cent is 12,

4 How long does it take $480 to gain $450, at 15%
simple interest ?

450
480 x .15

Formula § = prt, gives 450 = 480 x.15¢. Hence ¢ =
{by cancelling) 2& = 6}. 6} yr. = 6yr. 8 mo.

5. At what per cent will 8480 gain $450 interest, in
6 yr.3 mo. (63 yr.) ?

. _ 5 _ 450
Fromo_prt,welnver_pt_qu

=.106. .". 15%.

6. What is the present worth* of $793.60, due 3 yr.
6 mo. hence, without interest, money being worth 8% ?

A 798.60
Formula A = p (1+70). gives p = 770 = y000m g = 620.

195. The formula for Common Discount ig
P=1 vt

in which p stands for the discount.

#* The Present Worth is a sum which, put at interest for the
given rate and time, produces the given amount
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Solve the following by applying the formulas, verifying
them by the common arithmetical processes:

7. At what rate per cent does $50 principal yield $5.25
in 1 yr. 9 mo.

8. In what time will $419.84, yield $41.28 interest,
at 5 °?
9. What principal amounts to $232.50, in 2 yr. 11 mo.,
“at 10% ?
10. What is the present worth of a debt of $1860 due

4 yr. 9 mo. 18 da. hence, without interest, money being
worth 5% ? Ans. $1500.

11. If by selling coffee at 27¢ per pound there is a gairn
of 20%,what must be the selling price to give a gain of

16342

12. My agent in New York bought a bill of goods for
me amounting to $3500. What must I remit, allowing
him a commission of 2}% ?

13. Bought cloth for $1.50 a yard; how much will be
the loss per cent if I sell it at $1.25 a yard ?

14. A sold pork for 87}% of its cost, and thereby lost
$3.334 on a barrel ; required the cost per barrel.

15. What is the amount of $746.25 for 1 yr. 10 mo. and
12 da., at 5%°?

. 16. At what rate per cent will 8750 yield $224.33%
interest in 3 yr. 8 mo. 26 da.?

17. In what time will 8750 yield $224.33% interest
at 84°?
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18. What principal will yield $224.33 interest in 3 yr.
8mo. 26 da., at 8% ?

19. If I sell § of an article for what § of it cost me,
what % do I lose on the part sold ?

20. If 4 of the buying price equals the selling price,
what is the loss per cent ?

21. If 4 of the selling price equals the buying price,
what is the gain per cent ?

PRINCIPLE.

196, In Simple Partnership, i. e., when all the capital
18 employed the same length of time, the fundamental prin-
ciple is that the shares of the gains shall bear the samo
ratio as the shares of the stock.

1. A, B, and C entered into partnership. A put in
$240, B put in $400, and C put in $320. They gain $192,
How much is each man’s gain ?

Let z represent A’s gain. Then $960 (the whole stock) : $240
(A’s stock? : : $192 (the whole gain) : z (A’s gain). The proportion
960 : 400 :: 192 : g, gives B’s gain, and 960 : 320 :: 192 : 2, C's.

2. A, B, and C enter into partnership. A puts in $360,
B puts in 8440, and C puts in $500. They gain $780.
How much is each man’s gain?

3. A, B, G, and D hired a pasture for $12; A putin 12
sheep, B put in 16, C 18, and D 14. How much ought
each to pay?
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4. Four men traded in company and gained $1680; A’s
stock was $2000, B’s 81600, C’s $2400, and D’s $2000.
How much is each man’s gain ?

5. A farm was purchased for $7000, by A, B, and C;
A furnished $2500, B $3000, and C $1500. They receive
3560 rent yearly. How much of this rent should each
ceceive ?

6. Divide $960 among three persons in such a manuer
that their shares shall be to each other as 5, 4, and 3 re-
spectively.

7. Two persons form a partnership in trade, with a
capital of $1500, of which the first contributed $940, and
the second the remainder. They gain $640. How much
is each one’s share ?

8. Divide the number 230 into three parts which shall
be to one another as §, §, and .

PRINCIPLE.

197. In Compound Partnership, i. e., partnership in
which the several pariners’ shares of the capital are in for
different lengths of tvme, the gain or loss is divided in the
ratio of the products of the several amounts of stock into
the times which they respectively remained in the business.
This 18 assuming that the use of $a for time t in business
v8 equal to 8at for time 1.

1. Three partners, A, B, and C put money into trade
a8 follows: A put in $50 for 4 months, B $15p for 2
months, and C $250 for 3 months. They gained $250.
How much is each man’s share of the gain ?
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(B0x4)+(150x2)+(250x 8) : 50x4 :: 250 : z,

or 1250 : 200 :: 250 : z,
gives z =2§‘1)—2’;0@ = 40, as A’s share.
In like manner, 1350:150x2::250:y,
gives y = 60, B’s share.

So also, 1250 : 250 x8:: 250 : 2,
gives 2 =150, C’s share.

2. A, B, and C hired a pasture for $240; A put in 16
cows for 10 weeks, B 20 cows for 7 weeks, and C 25 cows
for 6 weeks. How much ought each to pay ?

3. A, B, C, and D have together performed a piece of
work, for which they receive $266.40. A worked 16 days
of 10 hours each, B worked 20 days of 12 hours each, C
worked 14 days of 10 hours each, and D worked 15
days of 12 hours each. How much should each receive ?

ALTERNATE.

198. Alligation Alternate teaches the method of find-
ing how much of several ingredients, the values
of which are known, must be taken to make a com-
pound of a certain value.

1. How much wine, at 110¢ per gallon, 60¢ per gallon,
and 40¢ per gallon, must be mixed together, so that the
mixture may be worth 80¢ per gallon ?

#, %, and z represent the number of gallons of each kind respectively.

We then have 1102+ 60y +40z = (z+y+2)80,
whence 80z = 20y +402.

Bt s
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Now, as we have three unknown quantities and but one equation,
We may assign any values we please to two of them, which will
give positive values to the other, and find a corresponding value to
the other. Thus, y and 2z may each be 1; whence,z=2. Or y
nay be 2 and z1; whence z = §§ = 23, etc.

2. How much sugar, at 5, 8, and 10 cents a pound must
e mixed with 64 pounds, at 12 cents a pound, so that the
mixture may be worth 9 cents a pound ?

3. How many bushels of oats at 40¢ per bushel, barley
at 45¢, and corn at 75¢, must be mixed with 60 du. of rye
at 80¢, so that a bushel of the mixture may be worth 60¢ ?

Let £ = the number of bushels of oats, y of barley, and 2 of corn,

then the statement is .
40z + 45y + 752+ 80 x 60 = 60 (z+y +2+ 60),
or, . 152 = 20z + 15y — 1200.

In this we may give any value we please to y or z, and any value
to the other which will make thc second member positive, and find
a corresponding value to z. Thus if we make z =40,and y = 50,

__ 800+750 — 1200

£ = —]5—':-%-——'23*-
Again make z = 60, and y = 80 ; whence
P TOLBO 0y,

4. A merchant has sugar worth 5, 6, 9, and 12 cents a
pound ; with a mixture of these he wishes to fill a hogs-
head that shall contain 220 pounds. How much of each
kind must he take, so that the compound may be worth
8 cents a pound ?

Letting 2, y, 2, and w be the number of pounds of each kind re
spectively, we have

b5z + 6y + 9z + 12w = 8 x 220 = 1760.
In this we may give any values we please to any three which

will not make the other negative, and find a corresponding value
for the other.
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OR TEST QUESTIONS o

XXXVI.
1. Given (a+z)(b+2)—a(d+bc) = a*c+ 2% to find the
value of 2. - =aec.
: oo &+ 3 .
2. Given 62—13 ' 1::22+19 :3z—19, to find the
value of z. z=S8.
'3. Given V4z+21 =24/7+1, to find the value of x.
x = 25.
Vz++b_a
4, Given ————==-, to find the value of 2.
V-5 b :
. _ (2405
r= (a—b) .
) 60
5. Given Vz+ Va}—24=7x———,
r = 49.

6. Given 1+:ch2:1—2= 142z, to find the value

of z. z =2
. 4z—17 34— 6f 2 }
7. Given —5— — —g—=2 — { 1—574 tofind
the value of z. z=3.
: 2z +3y=18, } '
8. Given { S—2y=1, to find the values of 2 and #.
=3, y=4.
227—-?—/:3 =4,
9. Given N x-—2_ to find the values of z and y.

=2, y=3.
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z—y—;?- =5,
10. Given i +10 . to find the values of z and y.
y 3 7 . z=>5, y=2.
11. Given { IZZiSZ f;ls’ } to find the values of zand g.
’ z=5,y=".
T
12. Given z to find the values of z and y
(—-{- 3y—=134,
4 z=56, y=40.

13. Given { az+by=c, }to find the values of z and y.
mz+4ny—=d, ]

gd—me  _om—ad
=tm—an’ Y= m—an

—on—"L .
14, Given {10 20 to find the values of z and y.
=30, y=20,
15. Given to find the values of z and y.
=6, y=12.

16. Given (Y—* =1,) to find the values of z, y, and 2

T—2
6 =4 z=4, y=06, z2=3.

M
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6y —4x

32— 7=1’
17. Given ;;: :;z:], to find the values of =, ¥, and 2
y— 2z__1
3y—2z z=10, y="1, 2=38.

18. Given ‘/Z—E +1/f%—i=a, to find the values of .
‘ ‘ T= az—f_-z/‘/m
19. Given Va+z+ 4 a—z=}, to find the values of .
2=+ v/La —P.

20. Given v/a(a+z)=a—+a(a—z), to find the values
of z. : z=+}aV/3.

21. Given

2 2
IV z‘+z-—— =% to find the
values of z. - z=443.

22. Given z4/6 +2°=1+2% to find the values of z.
z= 4%

23. Given !ﬁ%/t__ W—Z_@zo, to find the values
z -

of z. z = 4 2V ab—7~

24. Given 5:::—?—__3—?’:% +?£2:§, to find the values
of z. z = 4,and — 1.

25. Given 32— 9_22;0:2_{_62::7; :410, to find the values

of z. ’ z = 11§, and 4.

3z—1
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-'-13 to find the values of z.
z = 4,and — 2.

27. Given 14+4a:—:£i%—3 Z 4+ —a— 9 -;4:5 to find the values

f = x=28a.nd9.

28. Given ';-4 Z_—_; iz ;- 7—— 1, to find the values

of z. ‘2 = 21, and 5.

84‘”;:176 R :;l, to find the
values of z. z =8, and 5.
422848
242—6
of z. z = 4,and —4%.

31. Given z+——t§=8, tofindz. z = 9}, and 7.

29. Given 2z418—

30. Given —=2+2z+8, to find the values

32. Given /4+ VD | 2= L to find 2.

z = 12, and 4.
12:-’__8_;/_5=0. z=29, and 4.

Suggestion.—z*—bz = 12 +8 ¥z, whence #*—4z+4=16+8 Va
+7z, and 2—2 =4+ Vo

33. Given z —

z = 9, and 4.
34. Given Va + 2+ vVb+z=+/a+ b + 2z, to find .
z = —a,and — b

35. Given 2+4/Z : 2—4/z :: 34/z7+6 : 24/, tofind =
z = 9,and 4

36. Given + a—b, to find z.

z+
e=g(-12 V55
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37. Given {x+y:z::3:2,§ to find the values of

y+y* =3,
and y. z= 42 y= %1
38. Given {z;;,y—zo 9:5’} to find the values of 2
and y. ’ 2= 45y= +4
39. Given {2z3+3xy =44, } to find the values of #
T—y:x::3:4,
and y. z=44y= 41
7+Y _
40. Given {x—y - } to find the values of = and y.
P—yPp =5,
=43, y= £2.
2r—y _3
41. Given % 2+y "~ 5’ % tofind the values of zand y.
32 —b5xy = 8,
z= 44y = 42

42. Given 40®—22y =12, 22+ 3zy =8, to find z
andy. 2= +2,and +447; y = +1,and +§V7.

43. Given 32*+zy = 68, and 4y*+ 32y = 160, to find

r and . .

= +4,and T324/3; y = 45, and +-484/3.

44. Given 22°—3zy+4* = 4, and 22y —3y?—2* = —9,

to find z and y. v
= 43,and F}V?; y = +2,and +3} V2.

45. Given 2%+zy =12, and zy—2y' =1, to find z
andy. z= 43,and j;ix/ﬁ; y = +1,and +} 1/6.

46. Given 2% —y =21, and 2% —zy =6, to find 2
and y. z=2,and }; ¥y =3, and —24,
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47. Given #*4-z+y = 18—373 and zy = 6, to find z
and y. :
z=2,and 3,or —3F4/3; y =38, and 2, or —3+4/3.
N .
48, leeng-/—+; = a, and z+y = 2, to find = and ».
(Putz = 2+4v, and y = 2—v.)

NS )

49. Given #*+2 = 1;—, and 2% +y = 18,to find zand y.
z=2and }; y =2, and 6.

50. Given 234+4y® = 256 —4zy, and 4y*—2? = 64, (¢
fiud zand y. 2= 16; y= +b.

THE END.
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